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PREFACE. 


DURING  the  last  few  years  a  great  change  has  come 
over  the  teaching  of  Elementary  Mathematics. 
The  laborious  months  hitherto  spent  in  acquiring  skill 
in  the  manipulation  of  elaborate  Algebraical  and 
Trigonometrical  transformations  have  often  given  the 
beginner  a  dislike  for  Mathematics  and  have  retarded 
his  prugri^ss. 

It  has  been  shown  that  it  is  quite  possible  to 
arrange  (for  the  average  student)  a  course  of  ^lathe- 
mat  ics  ■svliich  is  l)oth  interesting  and  educational,  by 
constantly  keeping  befoio  him  the  practical  application 
of  the  subject,  and  omitting  as  much  as  possible  those 
parts  of  Mathematics  which  are  purely  academical. 
The  object  (»f  this  book  is  to  give  the  reader  such  a 
working  knowledge  of  ek-mentary  Trigonometry,  with- 
out avoiding  the  difficulties  or  sacrificing  thoroughness. 
.Much  that  has  hitherto  been  found  in  the  text-books 
has  been  omitted,  and  the  examples  throughout  will  be 
seen  to  be  more  prrctical  than  is  usually  the  case. 

The  l)(M)k  c  ntains  many  and  varied  examples  to  be 
worked  out  by  the  student,  but  we  liave  avoided  the 
grouping  together  of  batches  of  examples  of  the  same 
type,  believing  that  such  a  system  is  the  cause  of 
much  mechanical  and  unintelligent  work.  Collections 
of  miscellaneous  exajupl-s  occur  frequently,  so  that  the 
student  may  be  ciuistantly  revising  what  he  has  learnt 
in  the  earlier  '  hnnt (■!'>-■  We  Itiv."  ".v:'.!.'!;!.-]  fK.-c.-i 
questions  which  have  gradually  been  evolved  by  the 
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ingenuity  of  examiners,  but  are  never  met  with  in  the 
practical  application  of  Mathematics,  and  have  intro- 
duced as  many  examples  as  possible  to  illustrate  the 
use  of  TrigorioMietry  in  Mechanics,  Physics  and  Analy- 
tical (ieometry.  In  numerical  work  wc  have  indicated 
the  degree  of  accuracy  to  which  the  results  are  reliable. 

Enough  examples  are  worked  out  in  the  text  to 
show  how  each  new  principle  may  be  applied,  and  to 
show  the  best  way  of  arrauging  the  work — which  is  of 
especial  importance  when  logarithms  are  used  ;  but  we 
have  endeavoured  to  leave  the  student  as  much  as 
possible  to  his  own  intelligence. 

Another  special  feature  of  the  book  is  Chapter  X, 
which  deals  with  solid  figures  and  angles  which  are  not 
in  one  plane.    We  have  also  added  an  introduction  to 

Trigonometrical  Surveying. 

We  believe  that  the  book  will  be  of  value  to  those 
who  are  pieparing  for  Army  and  Civil  Service  Examin- 
ations, to  Technical  Students,  and  to  all  who  require 
Trigonometry  for  practical  purposes. 

Our  best  thanks  are  due  to  several  friends  and 
colleagues  for  much  kind  help,  and  in  particular  to 
Mr  G.  W.  Palmer  of  Clifton  College. 

To  meet  the  wishes  of  many  teachers  who  use  this 
book  we  have  added  an  appendix  containing  a  con- 
siderable nutnber  of  Identities. 

H.  C.  P. 
R.  C.  F. 

Aii(/u.it  ];ji4. 
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(JHAlTEli  I. 

AXGLES. 

1.  J.KT  OX  1,0  a  lixi',1  sfrai-l.t  li,  ,  let  a  strai-lit 
line  OP,  initially  coincident  with  OX,  turn  about  the  poiMl;  O 
m  one  plane;  then,  as  it  turns,  it  is  said  to  describe  the 
an-lo  xop.  Tlie  MK.-aitu.le  of  the  an;?le  depends  on  the 
amount  of  revolution  wliich  OP  has  undergone. 


A 


Fig.  1. 

OX  is  called  the  initial  line. 

In  Tri-ononicf  iy  there  is  no  limit  to  the  ma^-nitude  of 

the  angles  considered. 

When  OP  reaches  the  position  OX'.  i.,>.  Avhen  X'OX  is 
a  straight  line,  it  has  turned  tlu-ough  an  angle  eciual  to  two 


o 

Fig.  2. 


right  angles;  and  when  it  again  becomes  coincident  with  OX 
it  has  turned  through  four  right  angles. 

p.  F.  J 


2  PRACTICAL  TRIGONOMETRY 

2.    Sexagesimal  Measure. 

Since  all  right  angles  are  oiiual,  a  right  juiglo  might  ho 
chosen  as  the  unit  of  measurement  of  angles  hut  it  is  too 
large  to  he  convenient.  The  unit  selected  is  one-ninetieth 
part  of  a  right  angle  and  is  called  a  degree  (1°). 

A  degree  is  subdivided  into  60  ecjiial  parts,  (.'ach  of 
which  is  called  a  ni'uiufi'  {V),  and  a  miiuito  into  GO  et^ual 
parts  eaoh  of  which  is  called  a  s^econd  (I"). 

Thus  irj'42'27"  is  read  15  degrees,  4'J  uunut<.'s,  'J7 
seconds. 

This  system  of  measurement  of  angles  is  called  the 

Sexagesimal  measui'e. 

AnotluT  unit,  called  a  Jladian,  is  used  especially  in 
theoretical  work  and  will  he  discussed  in  Chap.  ix. 

Example  (i). 

The  a!ielo  .sulitciKled  at  the  ccntro  of  a  circle  l>y  the  side 

of  an  inscril)ed  regular  tigure  may  readily  l>o  expressed  iu 
Sexagesimal  Measure. 

Let  the  regular  figure  be  a  Pentagon. 

Then  at  the  centre  O  we  have  five  equiil  angles  wluwe  sum  is 
four  right  angles ; 


Fig.  3. 


the  angle  Bubtended  by  each  side  = '-g—=  72°.  ' 
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J'J.niiiiph;  (li). 


Tilo  tuiglo  of  a  regular  ligure,  e.g.  an  octagon,  may  be  found 
thuM : — 

Join  fuiy  angular  ix.int  A  to  thu  cUht  angular  p.)  . its. 

Six  triangles  aro  formed,  tlio  sum  of  all  their  angles  beinii 
12  right  angles.  * 


But  these  angles  make  up  the  eight  angles  of  the  figure; 

.-.  each  angle  of  the  figure=         =  135°. 

8 

Or  we  may  make  u«e  of  the  geometrical  thoore.a  that  all  the 
Ulterior  angles  of  any  rectilineal  figure,  together  with  four  right 
angles,  art  equal  to  twice  as  many  right  angles  as  the  figure  has 

S1C16H* 

Thus  if  a  figure  luis  n  sides,  the  interior  angles  make  up 
2n- 4  right  angles. 

If  the  figure  is  regular,  each  angle  is  right  an-les. 


1—2 
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Examples.  I. 

1.  Express  in  degrees  tho  angles  of  an  equilateral  triangle. 

2.  One  angle  of  a  right-angled  triangle  is  37*  15'  20",  find 
tho  other  acute  angle. 

.3.  Two  finglcs  of  a  triangle  are  42"  14'  and  100"  12',  find 
the  oilier  ;iiigU'. 

4.  What  are  tho  angles  botwcou  tiic  two  hands  of  a  clock  at 
5  o'clock? 

5.  Express  in  degrees  the  angles  lietweeti  tho  two  hands  of 
a  clock  at  6.15. 

(>.  Tlirougli  how  iii.iiiy  dc^gfiH-s  dons  tho  minute  hand  of  a 
chR'k  turn  Ix'twwn  3.10  and  7.l'5? 

7.    KxpmsH  -27  '  11'  Ti"  m  soconds. 

S.    Find  tlu!  soxagosiiiial  nuvisun;  of  --l^f!  of  ;i  ri;^'lit  aiigl^i. 

9.  Find  to  tlio  noaiivst  seooutl  the  angle  t)f  (i)  a  regular 
hexagon,  (ii)  a  regular  heptagon,  (iii)  a  regular  pentagon, 

10.  Express  GT  17'  45"  as  a  decim<U  of  a  right  angle  to 
5  places  of  decimals. 


CHAPTKM  11. 

TIllUONOMETlilCAL  FUNCTIONS. 
3.   Note  on  Similar  Triangles. 

Two  eqiuji"gular  triangles  are  proved  in  CLMnnctiy  to 
liave   tlu'ir  i-orrcsjniiiiliiii.':   sides  proportional,   and  tlie 

triaiii:lrs  arc  callcil  Similar. 

Tliat  is  to  siiy  if  ABC,  A'B'C'  are  two  triangles  in 
which  the  angles  at  A,  B,  C  rcsptctively  e«iual  thoso  at 
A',  B',  c;  then 

AB       BC  CA 
AB'     BC  OA'' 


Fig.  5. 

Conversely,  if 

AB  _  BC  _  CA 

the  two  triangles  ABC,  A'B'c'  are  equiangular,  having  those 
angles  cfpial  whicli  arii  opposite  corresponding  sides. 

'I'lio  student  who  is  luifaniihar  with  the  ])r()perties  of 
similar  triangles  should  carefully  work  through  the  follow- 
in;^  Exercise. 

Draw  an  angle  XOR  equal  to  50°.  Take  any  three  points 
P»  Ph  Pj)  "!>  OR-  Fnjin  those  ixiiiits  drop  perpendiculars 
PN,  PjNi,  P2N2,  on  OX.    Meajiuro  these  perpendiculars  and 
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the  lengths  ON,  ON,,  ON;^.    Thtm  write  down  the  values  of 

tlu!  following  liitios  cniTci/t  to  2  dcciiii.il  pl.iccs : 

NP     N|P|     N,.P.  ^    ON     ON,     ON  ,     NP     N.P,  N_,P_, 
OP'    OPi'    OP./'    OP'    OPi'   OP.'  ON'  ONi'  ON/ 


Fig.  G. 

Now  t;ike  a  lunut  P3  on  OX  and  drop  a  peri>ondiciilar  P3N3 
on  on.    Measure  OP3,  P3N3,  ON3  and  find  the  values  of 

N3P3  ON,  N;,P;, 

OP3'    OP3'  ON3" 
State  whjvt  conclusions  you  draw  from  your  results. 

4.   Trigonometrical  Functions. 

Let  XOR  be  any  an<fle  6.  From  any  -int  P  in  one 
of  the  boundary  lines  of  the  angle  draw  PN  perpendicular 


R 


to  tlie  oTiiiT  ]i(nni(lury  line.    Tn^ni  the  properties  of  siinihir 


TRIGONOMETRICAL  FUNCTIONS  7 

tnunglcs,  or  by  actual  measuromcut,  it  may  bo  sbowii  tliat 
the  ratios 

1^  ON  NP 
OP'  OP'  ON 

jiio  (••(iist.iiit  i'nr  all  ]Misiti(iiis  of  P  .so  long  as  tho  luaguitude 
of  tli(>  aii-lo  rciiiniiis  uiwliaii^fed. 

Tliese  ratios,  wliich  (lopcml  only  on  tbo  niaj,MiitU(lo  oi  0 
are  called  respectively  tho  sine,  cosine,  tdntjcnt  of  0,  and 
their  reciprocals  are  called  respectively  tho  cosecant,  semnt, 
cotaiuji'iit  of  0. 

Tlioy  are  thus  ablneviated : 

Bin  e  cosec<y  .  ^  n     —  , 

OP'  miO  NP' 

^    ON  .       1  OP 

ON'  tau^  NP 

Xote.  In  view  of  a  <listiuctiou  in  Sujn  which  will  be 
made  in  Chap.  iv.  between  the  direction  NP  and  the 
direction  PN,  it  is  preferable  here  to  write  NP  and  not  FN 

in  tbo  expressions  for  sind  and  tan^. 

Callint;-  NP  tlie  siile  opposite  tbo  angle  6,  ON  tlio  .side 
adjacent  to  ^,  and  OP  the  bypcjtenuso,  we  may  write  them 

.   ^    side  oi)i)osite  to  0 

siu  0  =  — ^7  ; 

hypotenuse 

n    side  adjacent  to  0 

liypotouuse 

tan  0  -  ^'^^^^  opp"sito  to  0  _ 
side  adjacent  to  6  ' 
and  similarly  for  cosec  6,  sec  6  and  cot^. 

These  ratios  are  called  the  trigonometrical  functions  or 
latlos  of  tbo  aHi,do  0. 

Note,    (sin  A)'  ij  written  sin"  A;  i.e.  if 
sin  A  =  I,  sin^A^I. 


8  PHACriCAL  TRIOONOMETHY 

5.  Tho  ildiiiititdis  of  tlin  triirunoiiu'tricil  I'uiictions 
still  hold  gotxl  for  an  nu-lo  ^'loutt-r  tliaii  1M»°. 

If  fiuiu  a  jioiiit  P  ill  OHO  of  tlio  lioundaiy  lijics  of  tho 


;u\Ar.O,  PN  he  dr.iwii  ]m  riM  iidicular  to  tlio  other  Doiindary 
line  produced  if  nocessury,  then 


sill  0 

cos  0 


NP 
OP' 

ON 
OP 


NP 

Um  0  ^  etc. 
ON 


Fig. 


For  the  i)rescnt  we  shall  coiifine  our  attention  to  acuta 

an-Icr.,  ;tiid  it  lie  cx[)]aiiM  d  i,,  ('],,,},.  iv.  iliiit  lIiitc  :ire 
certiiiu  tunvcntiniis  of  siirn  to  \>l'  udi>\,tvi\  in  treating  of  the 
ratios  of  angles  greater  than  a  right  angle. 


THIOONOMETRICATi  FUNCTIONS 


6.  Variation  in  the  yalue  of  the  ratios  as  the 
angle  increases. 

In  order  to  conipare  the  value«  of  fruttioiw  in  Aritli 
iiu'tii;  it  in  convuiiient  to  express  them  with  the  same 

(It'iioiiiiuutor,  so  ill  Tii;,'! (uoinetry  wo  cin  (•(tiiiiturti  the 
values  of  vaiimis  rutins  l.y  keeping  OP  (called  the  radius 
vector)  of  coii.stiint  It'iigtli. 

P. 


Fig.  la 

As  the  angle  XOP  (6)  increases  from  0'  to  90*,  does 
sin^  iucrease  in  value  or  diminish  ? 

Liiicuss  wliat  liappens  to  the  other  trigODometrical 

ratios. 

Why  is  sin  0  not  greater  tiian  1  I  What  is  the  greatest 
value  of  cos  6?   Can  tan  6  exceed  1  ? 

N^ote.  The  oiigles  of  a  triangle  ABC  are  conveniently 
denoted  A,  B,  C,  and  the  sides  opposite  these  angles  re- 
spectively a,  h,  c. 

Examples.    TI  a. 

1.  ABC  in  a  tiiaiiglo,  B  being  a  angle,  AC  -=  5"',  AB  I". 
Calculate  tbo  length  of  BC  and  wi ,     down  sin  A,  cos  C,  tan  A, 

sec  A,  cosocC.    Find  the  value  of  sin^A+cos^A,  ^IfL^   tan  A, 

cos  A 

l+tan'iC,  8ec*C. 

■2.    Ill  a  triangle,    -  17,  a  =  8,  1  =  15 ;  prove  that  8  =  90'- A. 

AVlitO  (I'JWI!  fill!  Val'.ll-S  of 's!!!  A,  sil!  R.   t.l!!  P.  g 

co.s(!X»'- A),  8i!i(<Mr- A),  bill  (W- A).  What  i,;tii)  i.l'A  is  e(|UiU 
to  (i)  cos  (yj-  -  A),  (ii)  Kill  (!X)"  -  A),  (iii)  tan  (1)0°  -  A),  (iv)  ^~  ? 
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3.  The  hypotenuse  c  of  a  iit,'ht-aiigled  triangle  is  IC"  and 
the  8i(]o  a =12".  Calculate  the  length  of  b.  Find  the  values 
of   1+tau-A,    sec^A,    l+tan^B,   sec*  B,   l+cot^A,  coacc^A, 

sill-  A  +  (;oH^  A,  .sin2  B  4-co.s2  B. 

-1.  In  the  triangle  ABC,  A  =  90\  ami  AD  i.s  drawn  per- 
pendicular to  BC,  From  the  triangles  ABD  and  ABC  write 
ilown  two  valm  s  of  .sin  B,  and  two  v.aluea  of  cosB.  Henco  find 
AD  and  BD  if  c{  =  41,  f  =  40,  b  =  <J. 

T).  A  ])oint  A  on  the  cirmimforcjioe  of  a  circle  is  joined  to 
BC  t  he  cxtiviuities  of  tli<i  diiunctrr.  AD  is  ilrawu  perpendicular 
to  BC.    iVovc;  that  L  BAD  =  C,  and  Z.  DAC  =  B. 

From  tin;  tiiaiigli?.s  ABC  and  ABD  write  down  two  vahics  of 
sin C.    IIciico  prove  AB-=  BC .  BD. 

Pi-ove  in  a  similar  way  that  AC-=  BC  .  CD. 

G.  In  the  same  tiguro  from  the  triangles  ABD,  ADC  write 
down  two  values  for  cot  B.    Hence  prove  AD'-  =  BD.DC. 

7.  ABC  is  any  triangle,  AD,  BE,  CF  are  the  i>eqiendiculars 

drawn  froi!,  tho  angular  i)i)int.s  to  tlie  opposite  sides. 

^        ...  AD     FC    ....  FC     BE         CD  EC 
Prove  (0       =  -^^ ,  (n)      =      ,  (ui)      =  - . 

8.  AB  is  the  diameter  of  a  circle,  C  a  jwint  on  the  circum- 
ferenca    The  tangent  at  B  nuets  AC  produced  at  D. 

Prove  Z.CBD=^CAB. 

From  the  tri.uiglo.s  ACB  and  BCD  write  down  two  values  of 
tjuiA.    Hence  prove  BC2=CA.CD. 

DB  BC 

9.  In  the  same  figure  prove :  (i) 

°      ^  ^'^    BA  CA' 

....     AB     BC  AC 

AD  =  -D  =  AB'  ^"^^  DB-^==AD.DC. 

10.  ABCD  is  a  roctaiiglo,  AD  =  12",  AB  =  .^)".  l^raw  AE 
|)i'r[K'n(li(.  ular  to  BD.  Write  down  two  values  f(»r  .sin  ADE. 
Hence  find  the  length  of  AE. 

7.  Geometrical  constructions  for  trigonome- 
trical ratios  with  given  angles. 

It  will  be  found  useful  to  employ  .sii'uired  })ap<>r  for 
i;;r,iL;  CXuiiijius,  ^viiirriiiy  X<t   niilo  tiiti  iaiiO  ill  tll6 

tu7ni  of  a  i'ructiuu  with  10  a.s  it.s  (Icuomiiiat<jr. 


TRIGONOMETUK'AL  FUXUTIONS 


11 


Example  (i). 

Draw  au  angle  of  4!J''  and  find  from  inoiusiu'emcnts  the  value 
of  sin  49°. 


Fiu.  n. 

Draw  tiie  angle  XOP  by  nK;an.s  of  a  protractor:  hince  the 
liyi)otenu.se  is  to  be  the  dcnoininiator,  mark  off  OP  =  10  units  and 
draw  PN  i>erpendicular  to  OX. 

NP 


Then 


sin49-=^p  =  ^-=-75 


Example  (ii). 

Draw  an  angle  of  54°,  and  find  from  the  drawing  sec  64". 
Draw  the  angle  XOP=54°. 


Fi"  12. 


At.u-k  oil' ON -==10  units. 
Erect  tlio  pii  peiidicular  NP. 

OP 


Tiien 


ON  10 


=  1- 


12  Pit  ACTIO  AL  TRKiONOMKTUY 

8.  Geometrical  construction  for  angles  with 
given  ratios. 

Itict  rse  2\  (jUititiii.    The  angle  wlioso  .-itio  is  .c  is  Avritteu 

Thus  cns-i  -80  is  vnd  "tlio  angle  whose  (-(jsino  is  "KG." 
J'xitm/ili'. 

To  consti'iict  iui  angle  wlmso  .si>  2  is  '~-2,  tli.!*-  is  .sin  '  -7-J.. 

Since  •7-2=      ,  draw  two  lines  PN  and  ON  at  ri'j^hi  an"les. 

Mark  off  PN  =  7'2  units  and  with  centre  P,  - ,  dius  10  units,  strike 
au  ai'c  PO. 


P 


Fig.  13. 


Then  /.PON  is  sin-»  -72  =  46°. 

9.    The  tri:    lometrical  ratios  of  60',  30",  45". 

Tliese  ratios  may  he  ioiunl  hy  (jieojneirioai  reasoning 
without  accurate  drawing. 


P 


rig.  14. 
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(i)  ]f  ^PON.:G0\  tlicii  _OPN  30°. 
('niiipleto  the  equilateral  tiiaii^lu  0PM. 
Then  if  OP units, 

ON     1  unit; 
and  OP==PN«  +  NO''; 

.-.  PN^-^/H  or  1-732; 

. .  sill  GO'  -  '^^'^  or  -806;  cos  Mf    |  or  '5; 
ton  00°  -  ,y3  or  1-732. 

(ii)  FroM  the  same  triaiigle,  since  i.  OPN  ^30°, 

sin  30°  -  ^-  or  •  j ;  cos  30°  =  -"^r  or  'SGG, 
2        '  2 

.  1       1       JS  1'7'M 

Oil)    If  ^PON -.45",  then  ^OPN=4o°; 
.•.  if  PN  =  0N^1  unit, 


Fig.  15. 

since  OP='=l  +  l  =  2;  .\  OP  =  ^2. 

.   ,.o     1       J2  1-414 

cos  40°  -  -V-  =  '707. 

s/2 

tan  45°  =  1, 
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10.  Belations  between  the  Trigonometrical 
Ratios. 


Fig.  Hi. 

(1)   To  prove      .    tan  A. 

cus  A 


Similarly 


•sill  A  _  NP  /ON 
cos  A  ~  OP/  OP 

COS  A  1 
sin  A    tail  A 


NP 
ON 

cot  A. 


tan  A. 


(2)   Pythagoras  Identities 

0P=  =  0N-+NP2. 
Dividing  by  OP"^  we  have 

_  ON-  NP- 

1  =  cos"  A  +  sin^  A. 
(;>)    Siinihvrly  by  dividing  liy  ON-  we  luive 

i.e.  sec-  A  =  1  +  tair  A. 


OP"  NP- 
0N2~  ^■*"ON- 


Dividiii.ir  l>y  NP-  we  obtain    cosec-  A    eot-  A  +  l . 

Note  that  sec  A  and  cosec  A  are  hotli  ureater  than  1. 

Kelation.s  such  us  tliese  winch  are  true  for  all  angles  are 
called  Identities. 
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11.  Given  one  ratio  of  an  angle  to  find  the  other 
ratios. 

If  it  is  not  re<iuire(l  to  find  the  angle,  the  ratios  may  he 
calculated  without  accurate  drawing. 

Example. 

iVwon  sin  A=  i"*.,  to  fiu'l  tlio  dtlicr  tngoiioinetricsil  ratios  of  A. 
If  PN  =  .S  units  ami  OP  =  17  units,  then 
172=  VHON^, 


Fig.  IV. 

.-.  ON2  =  17-^-8--=-nlV  +  ^;(17-8) 

-(2r.)(9), 

.-.  ON  =  !.'■), 

,•.  cosA  =  J5,  tanA=j'^»,  etc. 

Or  iLsiug  the  result  of  Article  10  (2),  we  have 

,  /  J5 

cosA=  ±\  1  -sm- A  "  ±  ^  1  -  j_,=  + 

AVu  shall  disregard  the  negative  .sign  until  Chap.  iv. 


Examples.   II  b. 

1.  Draw  an  angle  of  37°.    Find  ita  ratios  by  measurement 

to  two  dec  imal  places. 

2.  Draw  an  angle  of  4U'.  Find  by  measurement  sin  40^ 
008  49°,  sec 49°,  tan 49°;  with  your  results  test  the  following, 
sin2  49  +  cos2  49  =  1,  sec^  49  -  tan^  49=1. 

3.  ( 'niistruct  tho  angle  who.se  cosine  is  "52  ;  measure  it,  and 
find  its  sine  and  tangent. 

4.  Gi  ven  thjit  sinA=^,  calculate  tho  value  of  sec  A  and 
tan  A  to  two  decimal  places.  Using  your  results,  find  by  how 
much  sec^A  ditiers  irom  l+t;iu-A. 


IG 
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5.  Given  that  cosecA--^,  find  the  vahics  of  (sin  A  +  cos  A)^ 
and  Hin^A+cos^A. 

6.  Draw  the  angle  A  w  'uoso  tangent  is  6.  Bisect  this  angle 
and  find  by  mcasniement  tan-.  By  how  much  docs  it  differ 
from  I  t;in  A  ? 

7.  Coiistriirt  the  ;ui>:Ie  whose  cosecant,  is  i  ]  4.  ^[e;i,suro  it 
and  find  its  cosine  and  sec  nt  to  one  decimal  place. 

8.  Draw  an  angle  of  40'.  Find  ibi  tangent.  Bisect  the 
iiiLrle  and  from  measurements  find  tan 20°.  From  the  same 
iliaj^i'am  lind  t-ot  70^. 

a    If  sin  ^=  •"),  find  the  value  of  1  +  tan^^. 

10.  If  sin  5 =^ ,  prove  that  cos  6  =  — ^ — ~ . 

r  q 

11.  'J"he  diagonal  of  a  rectangle  is  twice  one  of  the  sides: 
prove  tiiat  the  ratio  of  the  sides  is  \'3  :  1. 

12.  ABC  is  a  right-angi('<l  triaipjle  witli  BA  =  BC.    BD  is 

B  D  1 

drawn  ])eri)endieular  to  AC.    Prove  that      -  =  —  and  that 

BC  V2 

BD  ^DC. 

13.  ABCDEF  is  a  regular  hexagon.  If  AB  =  4",  lind  the 
lengths  of  BE  and  BF. 

Miscellaneous  Examplea  A. 

1.  Draw  with  your  protractor  an  angle  of  142°,  also  one 
of  210'. 

2.  Draw  an  angle  t)f  ts".  From  me;isurements  of  your 
drawing  find  tan  48°. 

3.  Draw  l  triangle  ABC  having  B  a  right  angle,  ft=l.'}, 
<^  =  12.  Writer  down  sin  A,  cosG.  What  relation  is  there  be- 
tween tli(^  aii'jles  A  ami  C  1 

4.  Find  tiie  nunilnn-  of  degrees  in  the  ang'e  of  a  regular 
hexagon.  Prove  that  the  side  of  a  regular  hexagon  equals  the 
radius  of  the  circumscribing  circle. 

">.    Express  '2145  of  a  right  angle  in  degrees,  minutes  and 

sf><:onds. 
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fi.    Construct  the  angle  whose  tangent  is  2,  and  prove  that 

..     .      .  2J;t 
its  sine  IS  -  ^  . 
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7.  Tlie  angle  subtended  hy  a  side  of  a  rogular  figure  at  the 
centre  of  its  inscribed  circle  is  36°.  How  many  si.Fes  has  the 
figure? 

S.  Draw  eurofully  tlio  angle  wlioso  cosine  is  -37.  From 
iiK'.usmvnionts  find  thi;  cotangent  of  the  angle. 

9.  What  deciiii.il  of  a  right  angle  is  52^  12'  ? 

10.  An  isosceles  triangle  has  each  of  its  equal  sides  double 
the  base  ;  find  the  cosine  and  cotangent  of  the  base  angles. 

11.  Find  the  angle  of  a  regular  figure  of  12  sides. 

12.  I  f  A- = a  C(  )s  0  and  ^ = 6  sin  (j),  prove  that     +  -^^  =  i . 

13.  Draw  accurately  the  angle  cosec-'2-4;  also  the  ande 
co.sec-il-2.  Measure  the  angles  and  find  their  difference  hi 
degrees. 

14.  A  diameter  AB  of  a  i-ircle  bisects  the  chord  CD  at  O 
If  sin  ABC  =  •  and  AC  =  10",  find  AO. 

15.  Given  secA=Y,  calculate  tauA.    Show  that  for  this 
angle  sin^Arsl -cos^A. 

16.  Two  tangents  OA,  OB  are  drawn  to  a  circle  of  radius  5" 
a  point  12''  from  the  centre  C.    Prove  that  sin  CAB  = 
ence  that  the  distance  of  C  from  AB  =  2j>.''. 

I'he  three  angles  of  a  right-angled  triangle  are  such  that 
-j=A-hC  ;  find  them  in  degrees. 

18.    Prove  that  sin  60°  =  2  sin  30°  cos  30°, 
and  that  coseO'scosaaO'-ain'ao'. 


P.  P. 
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TIIK,  USE  OF  FOUR  FIOUIlK  TAliLKS. 

12.  TliK  valiu'S  of  tlin  Triffonometric-ul  llatios  v.ill  bo 
found  ill  Bottoinloy's  4-fij^'ure  Tallies,  jip.  ;>'i — -l.']. 

Tlio  ratios  an^  ;,'iveu  at  intervals  of  0  miiintcs  -with 
iliirereaee  c-(iliiiiin.s  for  variations  of  1,  2,     4,  "»  iiiiiiut(>s. 

Siiico  all  the  sines  and  cnsincs  arc  ."f- 1  llic  valiu's  of 
those  ratios  aro  entirely  deciniul,  and  the  deciuial  points 
are  not  printed ;  but  in  all  other  ratios  the  decimal  i)oint 
and  any  integral  part  is  printed  in  the  first  column  only. 

Note  that  as  the  an,!,'le  ini-rfas(>s  from  0"  to  90°  the 
cosine,  tv>t;inyent,  and  cosecant  diminish  (see  Chap.  ii.  §  G). 

Ex-am }>le  (i). 

To  find  the  v.iluo  of  sin      -17  . 

The  following  is  an  extract  from  :iic:  tulno  of  Xiitural  Sines 
on  p.  32  of  Bottomley'fi  tables. 


I 

;  O 

6' 

12'  1  18' 

1 

24' 

Sa  1  3G'  i  42 

54 

12G 

4  5 

51  .jO 

1 

r.iiM 

.'iiNi  '  :a:k> 

.VJli) 

i 

.■<-.'70 

•J  5  7 

10  IJ 

In  the  row  op^wsite  31°  and  in  the  colmun  under  4ii'  we  find 
5255. 

The  diflerenci!  for  5'  is  given  in  the  Siimo  row  in  the  Lxst 
colunni  under  .1:  wo  find  12. 

Thus  .sin31'42'  =  -r)2;V;, 

difference  for  5'  =  -0012 ; 

.-.  sin  .31  "47' -•5267. 

Tilt-  ditfercuye  is  added  since  the  sine  incre.asos  if  the  angle 
increases. 


THK  USK  OF  KOUU  FIUUUE  TAllLKiS  19 

tJ.cii III 

To  liu,!  tli(!  v.iliio  ofc<..s4'J'21'. 
■<iin  tho  tables 

CDS  iy''i8'=:.-fir>2i, 

difierencp  f<  »f  3'  _  ^(  .q-  . 

.-.  '-OS  i!»  i>r  -c.-.i  I, 

Tlio  dillrivn.  o  is  ,sul.tnictL..l  .sii.co  tlic  o.sino  ili,nit.i.sh(.s  as 
tlio  angle  incmusi's. 

Thocorm't  v.iliK!  will  n.-t  ).<•  fmi.,,!  l.y  tiiking<.-os4fr2i' 
from  tiu!  tal.l(!,s  ami  using  tho  dilierenco  t^iUc, 

K.i;i,,,jJ,'  . 

To  liuil  the  ;ui;jl.>  \vlios(i  cotaiigunt  is  (-SI  |-'. 

Since  tiiu  (liflon.i,.  (!  cohiniu  is  to  l.e  subtraoti;  1  we  iinil  tlio 
ncjirest  angle  with  a  cotangent  greater  than  4-8142. 

Til,.  Iku-  <,vrr  tlu!  fmuiv.s  in  tho  tables  .Icuotes  that  tho  whole 
nunibor  has  changed  in  tlie  row  and  in  this  cast-  is  no  longer  5 
Wt  4.  In  some  lK)oks  the  chaiig.;  is  shown  by  the  heavier Ivno 
of  print. 

cot  ir  42' =  4-8288, 
diffe         for  2'  -0148; 

.-.      cot  11   "    I  I'.r  1M140, 

i.e.  the  angle  cot-'4-8M:i  is  IT 44'  lo  the  degree  of  accuracy 
given  by  the  tables. 

Example  (iv). 

r.y  usin-  tlie  tables  wo  <^vn  find  an-lcs  to  satisfy  t;ivcn 
Rquations.  The  identities  in  Chap.  11.  g  10  will  be  found  usefiU  in 
throwing  tho  equation  into  a  form  suitable  for  solvin" 

Find  the  acute  angles  wliich  satisfy  the  equation 
cosoc2(9  -  ]  1  cot  ^ + 7=0. 

r.y  usin-  th,.  id.  ntity  vu^.'i:'-0 ^\ +coiH  tho  equation  can  be 
written  in  teruis  of  one  unknown, 

3  (1  +cot2(9)  -  1 1  cot  <;  +  7  =  0, 
3cot-^-  11  cot^-f  10=0, 
(3cot^-5)(cot^-2)=0; 
.-.  cMt^=-^i-(;r:G7  or  cot^=2; 
.-.  ^J=;io-  58'  or  (9=26^34'  from  the  tables. 

2—9 
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Examples.   Ill  a. 


liiKik  iiji  ill  tin*  t..i 

1. 

Mil)  li)'. 

.siii3;r  22. 

3.    cos  ()')  4'. 

4. 

cos  18^  5'. 

0.    «in  03^  5U'. 

^ 

tiinlG^GO'. 

co>«!cl4°31'. 

9.    sec  70°  10'. 

10. 

co«cc9''42'. 

11. 

cotir.37'. 

12.    tan  80"  48'. 

i:?. 

sill -» -8807. 

14. 

t.i:i-'2-iii:i  ' 

15.    cos-' -48.30. 

1';. 

tail   '  r)-(i:)77. 

17. 

]A.   soc- 1 4-nsr)r). 

I'  iiiil  tlio  iU'uU!  jui 

wliich  .satisty  tiiu  Inl 

lowing  cqii.itioii.s ; — 

19. 

10Hiii2^-7«iu^  +  l  = 

=  0.         20.    15c'...s^  +  h8ec^  =  22. 

21.    9cos2i?+188infl=17.  22.    4Hec2tf- 17  ttui^  + 11  =0. 

13.   Right-angled  triangles. 

It  is  very  iinjiortiint  to  bo  able  to  wite  down  ut  once 
tlio  sides  of  n  i  ij,dit-!in',ded  triangle  in  tenus  of  a  side  and 
the  ratio.s  of  u  given  angle. 

Exmnple  (i). 

Civcii  tlio  Hido  OP=.i'  and  tho  angle  PON  =  ^,  PNO  being 
a  right  aiiglo. 


O  Jf 

Fig  18. 

Wo  have  N  P = X  X  ^ 

iV 

=icam  6. 
ON 

Or!=arx  - 
.1' 
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Exiimj'Ji'  (ii). 

(Jiveii  BC  =  1U"  ami  ^ABC-4i) ,  ^ACB-yo  , 


AB  =  10x' 


Fi.L'.  1!}. 


=  =10t,-m  10 

AB 

10 

=  10. SCO  40° 
=  10x  l-30r)4 
-13-054. 

Exercise. 

Pnictico  writu.g  down  tho  otlier  .sides  of  tlio  following  right- 
iin-le.l  trianglca  in  terms  of  tho  ratios  of  the  given  angle  and  tho 
given  sida 


Fig.  sa 
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A 


Fij,'.  21. 


1,'xik  n|i  till'  latios  in  tlic  tiiMcs  jiml  wiifc  du  vii  tin"  l.  ii','tli-i 
of  tlH'otlicr.sitl.'s  of  Ui« trianglo  ABC  (Fig.  21  finm  tliu  loilnwing 
data  :— 

(vii)    B  =  3(r,  A    lit.  (viii")    A=^-2l\  /..=  10. 

(ix)    B=^-2H  l\\  ,,  =  2-i  (x)    A     U  I'.l',  lo. 

(xi)  ^'  =  25.  (xii)    A  =  3317',  :.'(f:ir>. 

14.    Angles  of  Elevation  and  Depression. 
The  aiif^lo  wliicli  a  lino  jnininLf  tlie  oye  of  an  oltsorver 
aiitl  a  (li.staiit  object  makes  with  the  horizontiil  piano  is 


Fig.  22. 
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c-allt'.l  (In-  A),,,,',-  l-:i,r<ii:„ii  if  tin!  nlijrci;  l.o  nLovn  tlio 
ohsemT,  ami  (lie  J ////A  ,,/  /),  j>n  ssion  if  tlu!  (.l»jt'<-t  5»o  U'low 
tlio  olisci  vcr. 

Tims  i  I  if  AB  i  tlh-  liiM-i/niital  linn  flin)ii;^'li  A,  in 
tlie  ol.M  i-v.T  Jit  A  tlio  aii-lo  DAG  is  tlio  aii-;lo  (.f  i!li!Vuti..u  of 
tliu  })(jiiit  C. 

Ill  fi,;,'.  2  tho  nn-flo  BAG  is  tho  aii^lo  tjf  <lfiiiv.s.siuii  of  the 
])oiiit  C. 

V\in\  til.!  aiiu'l<!  of  <.!,  v.iti()ii  of  tho  Mun  if  tho  sliadow  awt 
a  Ntick  ♦»  ft.  hiyh  is  4  ft.  4  in. 


Fig.  2a 

lict  6  bo  tho  angle  reqiiireti ;  then 

taii^J  1-4; 
.  • .  f n >m  tho  tablet)  6  =  54"  3(7. 

IlxampleB.   in  b. 

1.  Find  the  altitudo  of  .in  equilateral  triangle  whoae  sides 

are  4". 

2.  In  tho  triiinglo  ABC,  A  =  90\  C  =  50^  6=10".  Draw  AD 
peri)endicular  to  BC  and  find  the  lengths  of  AD,  CD,  AB,  BD. 

3.  I  observe  tho  aii^lo  of  elevation  of  tho  top  of  a  tower 
240  feet  high  to  be  37  .  AVliat  is  my  horizontal  distance  from 
the  foot  of  the  tower? 
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4.  Find  tilt!  ;iiigle  of  elt'v.itiou  of  the  sun  if  a  tower  212  feet 
high  cast.s  a  .sliadow  327  feet  long. 

5.  The  stf[)«  of  a  wtaircase  arc  10"  wide  and  7"  iiigh.  How 
many  degrees  are  there  in  the  slo})c  uf  the  staircase? 

6.  AD  is  tlin  p'.-i  pondioular  from  A  on  tlu;  ,sido  BC  of  a 
triangle  ABC.  If  B  =  32',  BD  =  7  ft,  DC  =  5  ft.,  find  AD,  AB  and 
the  angle  C. 

7.  The  angle  of  depression  of  a  Iniat  from  tlie  top  of  a  clift 
2(M)  ft.  liigh  is  -.iQ"  l.r.  Find  the  distance  of  the  boat  from  the 
foot  of  the  cliff. 

8.  The  .sides  of  a  ])arallelogram  are  4  ft.  and  T)  ft.  and  the 

acute  aiiglo  between  tlieiii  is  50'.  Find  tlie  lengths  of  the 
perjM'ndieular  distances  between  the  jiarallel  sides. 

9.  Find  the  lengths  of  the  three  perixindiculars  from  the 
angulai  jioints  to  the  opposite  sides  of  an  isosceles  triangle  whose 
equal  sides  are  12  cms.  and  the  iiicluded  angle  40°. 

10.  From  tlie  top  of  a  si)irc  the  angle  of  dejiression  of  an 
object  1(K)  feet  from  its  base  is  5(j  ;  find  the  height  of  the  spire. 

11.  In  a  triangle  ABC,  8  =  70  ,  C  =  bO\  c  =  20".  Draw  AE 
periiendicnlar  to  BC  and  BD  pcri)endicular  to  AC.  Find  the 
lengths  of  BD,  BE,  AE.  AC. 

12.  F>(jm  a  point  fjOO  feet  from  its  base  the  angle  of 
elevation  of  a  tower  is  26°  11'.    Find  the  height  of  the  tower. 

13.  ABCD  is  a  quadrilateral  inscrilied  in  a  circle  of  10  ft. 
radius.  If  AC  is  a  di/unetiT  and  Z.ABD  I.'')',  ^AC8  =  40°,  find 
the  lengths  of  the  sides  of  the  quadi  ilateral. 

16.  Illustrative  Examples. 

In  the  following.:  »\Kaiii))lcs  tlie  angle.s  are  assumed  to  bo 
acute,  In t  it  l)e  sliown  in  Cliap.  v.  that  the  theorems 
are  true  also  when  the  angles  are  obtuse. 

Exnniph'  (i). 

Prove  that  the  area  of  a  triangle  =^  product  of  two 
sides  X  sine  of  included  angle. 

We  have,  area  of  triangle  (A)  =  Ja;>,  when  p  is  the  i)eri)en- 
dicular  on  the  side  a  from  the  opposite  angular  point. 
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But 


=  />  Hill    .  • 

A  =  .  ■  '<  .iiic. 


A 


Fig.  24. 


Exercise, 

(1)    Prove  also  that 

A  =  J«c  sin  B=^6csinA, 

{•1)  Find  a  foriimla  f(ir  tin;  ,ur,i  of  a  parallelogram  in  terms 
of  two  a<ijacoiit  sides  and        inoludod  angle. 

(3)  Slunv  that  the  sides  of  a  triangle  are  proi»ortional  to  the 
sines  of  tiio  opiHX'ite  angles,  i.e. 

a    _    h    _  c 
sin  A  ~  sin  B  "  sin  C  * 

(4)  If  two  triangles  ABC,  DEF  have  B=  E,  prove  that 

aabc_ab.  bc 
ade:f"de7ef' 

Example  (ii). 

To  find  the  area  of  a  regular  figure,  e.g.  a  pentagon  inscribed 

in  a  given  circle. 

Let  O  be  the  centre  of  the  circumBcribing  circle  and  AB  a 
side  of  the  figure. 


20  I'HACTICAI.  Ti;i(iON(JMETUY 

f.iti  fiml  tli(<  AOB  ;niil  we  tliiis  know  two  .sidi's 

tl;c  iiH'liulwl  aiigk!  of  tlio  tri  iii-lL'.  Five  tiiau.s  its  area  gives  tlio 
.area  of  the  penl^agon. 


O 


Fig.  25. 


A'.r'jrci'nc. 

(1)  Find  tlic  area  of  a  regular  pentagon  inscTilM.Hl  in  a  circle 
of  railius  10  in. 

(2)  Find  also  the  perimeter  of  the  i)ontagon. 

(3)  Fimi  the  area  and  iKM'inintor  of  ngular  jicntagon 
circuniscrilKHl  ahout  a  cirele  of  ](,  in.  r.ulius. 

Ki-'im/if'-  ! iii). 

Sliow  that  in  a  triaiii^lo   -.'^  =  2R  wliero  R  is  tliu  radius 

sinA 

of  the  circum.scrihing  eirelc. 


Fig.  2& 
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Let  O  1k5  tlio  centre  •  f  tlio  cin^le  ami  D  tho  middle  jmint 
of  BC. 

Show  tiiat  :.BOC^  -2fK  ami  lu  n' c  /.BOD-:-A.  Tlio  msull 
^isily  follows. 

(1)  SI  K. Wtll.lt 

11.  I)  c   

^     .  .  =2R. 

Kill  A     sill  B  siiiC 

(2)  IVovn  tliis  also  1>y  producing  BO  to  meet  the  circuni- 
fon-iii  i!  :ii  E  .iiid  joining  EC. 

16.    Ki'iiiij'^'-  (i). 

To  an  observer  on  a  tower  the  angles  of  depression  of  two 
])oints  due  S.  known  to  bo  KX)  ft.  apart  are  54°  11'  and  33°  17'. 
iMiid  the  height  of  tho  tower  above  the  horizontal  piano  on  which 
these  jioints  lie. 

Let  .^'  ho  the  required  height  in  feet,  AB  the  tower  and  C,  D 
the  pointfi  observed. 

Then  BD=.rcot  3:ri7', 

BC=a;cot.'>4'  ]]', 


A  moio  convenient  nieth<Kl  of  solving  problems  of  this  nature 
by  the  aid  of  It^arithms  is  given  in  Chap.  r.  Art  3). 
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Exdiiip^-'  (ii), 

T«.  ,  iisorvor  ;it  A  t1i(>  jin^lo  df  olevatioii  of  t!i(!  top  (,f  u, 
towor  ii:20  feet  away  i.s  ,  and  tlit;  angle  subteiuled  liy  tiio  ,s|>ire 
iibovo  it  is  14°.    Find  the  height  of  the  spire. 

Let  BC  represent  the  tower  and  CD  the  «i>iro. 

We  Iiavo  Z.DAB  =  :5'.r  f  tliis 
is  the  jui'^'lc  (if  elevation  of  the 
top  of  the  .s[)ii  •;. 

DB--=220xtun  3!)', 

CB  =  220xtan2r)"; 

.-.  CD  =  22()(tanr>!r-tan2r/) 

-220(()-8(H>8-0-16(j3) 

--=220  (•,34.35) 

-75 -Off,.  Fig.  28. 

17.    The  Compass. 

For  ])iirp.is(>s  (if  indicatiiijr  direction  tlio  compass  is  used. 
In  all  tiieru  tire  jxn'ids  of  tlie  coiniiass,  tlia.t  is,  32 
differently  named  directions  from  any  (^nc  point. 


Fig.  29. 
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TTeiico  tlio  aii^flo  between  any  two  coiwecutive  points 

k^^:",  i.e.  nr. 

Ill  the  fi;,''ui'0  ut!  ]iav(;  sliowu  tlio  ])i)iiits  in  iiiio  (iiiadnint. 
an  E.\('icis(>  tlio  student  .should  till  in  tlio  points  in  the 
otlin-  ([iiailraiits  liy  aiialuuy. 

l)iiiclii)iis  are  also  ot'ton  given  in  decrees.  Thus 
N.  :]0^  E.,  or  30°  East  of  North,  is  the  direction  to  the  East 
of  North  iiiakiu;;-  ;.(r^  Aviili  tlio  direction  North,  i.e.  be- 
tween N.N.E.  and  N.E.  by  N. 

A  man  observes  a  spire  in  a  direction  E.  10°  N.    lie  walks 

.")00  yanl^  to  tho  S.E.  and  observes  that  the  bearing  of  the  spire 
is  N.       J  low  I'ar  is  lie  now  from  the  spire? 

Let  A  bo  his  position  wlien  lie  first  observes  the  spire  B  in 
the  direction  AB  where  /.EAB  =  10°. 

Ho  walks  in  the  direction  AC,  500  yard.s  where  Z.EAC=45°. 
At  C  the  angle  BCN=45''  where  N  is  the  direction  of  North. 


A 


Jf  1 

 '-Tirf 

 » 

( 

Fig.  30. 

^  ACB  l«<ing  'Ji>'  we  li.ive 

BC=-r.00t.ui55'' 
=714  yj.<j  approx. 
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Examples.   Ill  c. 

I.  Find  tlic  fin-.i  of  ii  tri;ui;_(I(>,  driven  (i=^'>"  /<  =  (i",  C  i:'.'. 

•1.  Till!  side  of  a  ri'gular  oLtayou  iu.scnbod  in  a  t  iivlo  is  4". 
I'iiid  the  TcidiuH  of  the  circle. 

3.  A  small  weight  swings  at  one  end  of  a  string  5  ft.  l<«ig, 
the  other  end  hcing  lixcd.  II. .v.  f,).  is  tli<"  woi-ht.  ahove  its 
lowTst  position  when  tlie  string  is  inclined  at  lU'  to  the  vertical ^ 

■I.  I'roni  the  top  of  a  rlitf  i^OO  l\^(>t  hii'li  tlie  aiigl.'s  of 
dei)ression  of  two  hoats  due  S.  were  ohserved  U)  he  ;}7  and  .""li". 
How  far  apart  wore  the  boats  / 

5.  Find  the  area  and  pcriiuetor  of  a  regular  hexagon  inscrilied 
in  a  circle  of  G"  radins. 

(;.  From  a  point  A  on  the  ground,  the  angle  of  elevation 
of  the  top  of  a  tower  (!()  feet  higli  is  i:5  VX.  How  fai'  is  th(> 
observer  from  the  f.tot  of  the  tower  and  wliat  is  the  elevation 
of  the  tower  from  a  10  yaitls  nearer? 

7.  By  how  many  feet  does  the  shadow  Ciist  hy  a  spire  ]r)0  ft. 
high  lengthen  as  the  sun  sinks  from  an  elevation  of  (ST  14'  to  an 
ohivation  of  ;57°  liO'  ? 

8.  From  a  point  ^  in.  from  ilie  centre  of  a  circle  of  rfulius 

4  in.  two  tjuigents  arc  drawn  to  the  circle.  Find  the  angle 
Ix'tween  them.  What  is  the  angle  between  the  radius  at  tiio 
[xjint  of  contact  and  the  chord  of  contact  i  Find  the  length 
of  the  chord  of  contact. 

9.  Find  the  area  of  a  parallelogi  am  who.se  sides  are  4  ft.  ana 

5  ft.,  the  acute  angle  Iwtween  them  being  47"  17'. 

10.  A  triangle  is  irserihed  in  a  circle  of  r.uliiis  4-5  cms.  with 
base  angles  44"  and  or,  .    I'ind  the  lengths  of  its  sides. 

II.  The  siucs  of  a  rectangle  are  4"  and  7".  Find  the  angle 
between  the  diagonals. 

12.  At  a  |x>ii5t  100  yards  from  the  foot  of  a  cliff  the  angle  of 
elevation  of  the  top  of  the  elilFis  W.  ir,,ind  t  he.  angle  subtendcil 
by  a  tower  on  its  edge  is  ir  53'.    Find  the  height  of  the  tower. 
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13.  A  iii.in  .'it  a  pnint,  A  oli.-sfi'vc.s  tlio  allele  of  elevation  dl' 
the  top  of  a  liagsUill'  to  be  35  ".  lio  then  walka  past  the  liagstali 
to  a  place  B  on  the  other  side  where  he  obser\'es  the  angle  of 
olin  ation  to  Ik;  G3°.    From  A  to  B  is  120  feet    Find  the  height 

of  the  lla-stati: 

14.  One  side  of  a  triangle  inscribeil  in  a  circle  i.s  4  in.  and 
the  angle  opposite  it  is  27°  1  i'.    Find  the  diameter  of  the  circle. 

15.  The  road  to  the  top  of  a  liill  runs  for  ]  mile  inclined  at 
10'  to  the  horizon,  tlien  f>ir  r)(i((  y.irds  at  12":  then  fur  20U  yai-ds 
at  lo  .    Find  the  height  of  the  hill  in  feet. 

Show  that  the  compass  diractions  of  tlie  three  parts  of  the 
road  are  not  required. 

K'l.  If  a  ship  sails  4  points  off  the  wind  (i.(>.  in  a  direction 
making  4.>'  with  the  direction  of  the  wind),  how  far  will  she  liavo 
to  sail  in  order  to  reach  a  point  30  miles  to  windward? 

17.  The  shadow  of  a  tower  is  55  ft.  longer  when  the  sun's 

elevation  is  28"  than  when  it  is  42'.  Find  the  height  of  the 
tower  and  the  length  of  the  shorter  sliadovv. 

18.  Find  the  height  of  a  hill  if  the  angles  of  elevation  taken 
from  two  points  duo  North  of  it  and  1000  feet  apart  are  51°  13' 

and  07°  5'. 

11).  A  man  in  a  l)alioon  at  a  height  of  5(K)  ft.  oh.serves  the 
angle  of  depression  of  a  place  to  be  41°.  He  juscends  vertie^illy 
and  then  linds  the  angle  of  depression  of  the  same  place  to  bo 
02".    How  far  is  he  now  above  the  ground? 

20.  A  man  surveyuig  a  mine  measures  a  length  AB  of 
16  chains  due  E.  with  a  dip  of  5°  to  the  horizon;  then  a  lengtl 
BC  of  lu  chains  due  E.  witii  a  <lip  of  .3".    How  much  deeper 
vertically  is  C  than  A^    Answer  in  feet. 

21.  A  building  100  feet  long  and  50  feet  wide  has  a  roof 
inclined  at  35"  to  the  horiajn.  Find  the  area  of  the  nx.f  and 
show  that  the  result  will  be  the  same  whether  the  roof  has  a 
ridge  or  not. 

22.  A  man  travels  6  miles  from  A  to  B  in  a  direction  20° 
N.  of  E.,  then  3  miles  to  C  in  a  direction  iS.  23  i".  Fina  the 
distance  of  C  (1)  North  of  A,  (2)  East  of  A,  (3)  from  A.  Verify 
by  a  figure  drawn  to  scale. 
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23.  'i'lio  uiiglo  (if  elevation  of  tlus  top  of  a  hoiiso  100  fcot 
olisorvcd  from  tlio  opjiosito  side  of  tlio  street  is  Go\  and  tlio 

clrv.itidii  (if  a  \vi;i  luw  cf  tlie  house  frcnii  the  sa:no  ])oiut  is  40°. 
Find  the  iiciglit.  of  tlu;  window  from  the  ground. 

24.  A  regular  polygon  of  10  sidi's  is  in.seriU'd  in  a  cin  'i; 
of  radius  f)  feet.  Find  the  jvrea  and  perimeter  of  the  polygon  and 
of  a  circuui.scril)ed  jwlygon  of  the  same  number  of  sides. 

2').  I'roiu  one  end  of  u  viaduct  2r)0  feet  long  a  man  ohsen-cs 
the  angle  of  depre,s^si()n  of  a  point  on  the  ground  hiMieatli  to  l,o 
.37",  and  from  tlie  otlier  end  tlic  angle  of  depression  of  thi.s  point 
is  71°.    Find  the  height  of  the  viaduct. 

26.  The  t(.!.  C  of  a  tower  80  feet  high  is  observed  from  the 
top  and  from  the  foot  of  a  higher  tower  AB.  From  A  tlie  angle 
of  depression  of  C  is  18"  11',  and  from  B  the  ai.glo  of  elevation  is 
23°  ,31'.  Find  the  height  of  AS  and  its  distance  from  the  other 
tower. 

27.  From  a  sliip  tlie  direction  of  a  lightliouse  is  oliservcd 
to  bo  N.  25  '  E.,  and  after  the  ship  has  siiiled  10  miles  North-East, 
the  bearing  of  the  lighthouse  is  North-West.  If  the  ship  now 
cliangcs  lier  course  and  sails  in  dii-ection  W.  25°  N.,  how  near 
will  she  approach  the  liulitliouse? 

28.  A  man  standing  at  a  jKjint  A  on  the  bank  of  a  river 
wishes  to  find  the  distivnce  of  a  jwint  B  directly  opposite  him 
on  tlie  other  l.ank.  He  noticed  a  point  C  also  on  the  other  bank 
and  found  Z.BAC  to  be  55°;  he  walked  directly  away  from  the 
river  for  100  yards  to  a  point  D  and  found  the  angle  ADC  to  be 
35°.   Find  the  distance  AB. 

20.  From  a  steamer  moving  in  a  straight  line  with  a  uniform 
velocity  of  10  miles  i^er  hour  tlie  direction  of  a  lighthouse  is 
observed  to  be  N.  W.  at  midnight,  AV.  at  1  a.m.,  S.  at  3  a.m.  Show 
that  tlie  direction  of  the  steamer's  course  makes  an  angle  cot->3 
with  the  N.  Find  the  least  distance  of  the  steamer  from  f'  j 
lighthouse. 

30.  B  is  50  yards  from  A  in  a  direction  E.  20°  S.,  C  is 
100  yards  from  B  in  a  direction  E.  .32°  15'  N.,  D  is  80  yards  from 
C  ill  a  <lirc(  tion  W.  46°  10'  N.  Find  how  far  D  is  from  A  and  in 
what  direction. 
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Miscellaneous  Examples.  B. 

1.  Diuw  two  stmigl.t  lines  OB,  OC  at  ri-ht  angl...s  a...!  OA 
LrtNsvoM  tlH  .u  ,„,,kin,-  with  OB.  With  .vntm  O  and  rndiu.s 
lOcni.s.  .lr,iw  a  cuvlo  f.itting  qb  in  Q  an.l  OA  it.  P.  Vrnm  P  1,-t 
fall  iwriKindiculars  PS  on  OB  and  PR  on  OC.  At  Q  dviw  a 
t.nu'rnt  QT  cutting  OA  in  T.  Mea.suro  PR,  PS,  QT  to  the 
neare.st  nnlln.ietre  and  write  d-.w.,  their  l.Migths.    Jfonce  find 

thotibir^'^^'  ^'"'^^^  '""^  ''''''  '''^'''""^ 

2.  The  dia.^'on.d  of  a  nvtan-lo  is  12e.os.  long  and  nmke.s 
a.1  angle  of  34'  with  one  of  the  .side...    Find  tho  length  of  tho 

I'n.ve.  that  (.sin A+co.sA)2=l  +  2.sinAco«A;  and  hence 
evaluate  s'  1  4-  2  .si n  .5:}  c. .s  53'. 
4.    Find  the  values  of 

(i)  sin  47'. sec  47'; 

(ii)  tan74°cosec74°. 

^'■'■"'^'•^  '"-^     '-^"d  the 

diamctcz- of  Its  arcuniscnbing  circle  is  12  cms.   Find  its  vertical 
angle  and  its  altitude. 

6.  AB  is  a  dianu>tcr  nf  a  circle,  centime  O,  an,l  OC  i.s  ,-,  radius. 
If  OC=«  and  L  COB  =  «,  shnw  that  AC=2,,cus  "  and  the  length 

of  the  iK^riH-iidicular  from  O  on  Ao^asin- 

2* 

7.  Draw   accurat.-ly   a    triangle  with   base   BC    ■>  cms 
BA  =  8  cn,.s.,  B  =  40\    Calculate  tho  length  of  tho  iK^ri^^ndicular 
from  A  on  BC.    l  ind  the  area  of  the  triangle  and  fr..in  measure- 

ments  ot  your  diau'ram  find  cms40\ 

8.  A  man  5  ft.  9  in.  high  standing  134-2  ft.  from  tho  foot  of 
a  tower  observes  the  elevation  of  the  tow  r  to  be  lH)'  14'  Fin,] 
tho  height  of  the  tower.  * 

9.  Prove  that  if  cos  A = a  then  tan  A  =  "^-^'J^ 

a 

10.  P,  Q,  R  are  three  villages.  P  lies  7  mUes  to  tlio  X  E  of 
Q  and  Q  l,o.s  1 1^  miles  to  the  N.W.  of  R.  Find  the  distance  and 
oearmg  of  P  from  R. 
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11.  'I'wo  ^i.ii.ii  i'iii  ,  iil<  s  (if  .1  ii  ii-iillelogriim  nri!  AS  -  I!  i  iiis., 
BC  7'iii^.,  till!  iiM  iihli'il  ;iii:;l(!  liciiiLf  Hl''.  tlio  .•m^'l(!.s 
lirtvvrcii  till-  (li.iumi.il  BD  ami  llio  .siiifs  AB  ami  BC,  Verily 
hy  nil  ftccijrato  drawing. 

12.  A  lad'lcr  iJoft.  luii;^  rests  against,  a  M  itiral  wall  and 
maizes  all  aliirlt!  ol'  Tii  >  witli  tin)  gfouiitl.  W'liit  will  Ik)  it.S 
iiuliiiatinii  to  tlio  gi'iiiinl  wlicii  llio  foot  of  tlio  ladder  is  5ft. 
farther  from  the  wall  ? 

13.  Kxpress  ilie  eiiiiatioii  li  <  os- f  sin  2,  in  terms  of 
siiw',  siihc  it  and  lind  from  the  tiibU^s  two  values  of  $  to 

satisly  it. 

I  I.  Two  C'lual  furi  es  P  iiiakiiii;  an  aiiu'lo  a  witli  one  another 
act  at  a  ])oint  O.  'I'lieir  icsultant  R  is  represented  by  the 
diat,'oiial  passiir^'  tliroHu'li  O  of  the  )iarallelo<;ram  in  whieh  the 
lines  ri'presenting  tlie  forces  foriu  two  adjacent  wides.  Prove 

R  =  2PcoH^. 

15.  Hliow  from  a,  figuri  utiat  cot  53°  =  tan  JJT"  and  hence  find 
a  value  of  ^  which  Niti.sfies  the  equation  cot(^-|- 16°)=tan^. 


10.    In  a  triangle  ABC,  «  =  2",  (■=3",  B  =  37°  ;  Ciilculate  the 

lenn'th  of  the  jieipeiiiliinlai-  ili  vn  tVom  A  to  BC.  Also  if  RBC 
bean  isosceles  triangle  on  BC  i  base  ami  of  the  »anio  altitude 
as  the  triangle  ABC,  find  its  angles. 

17.  Express  lOsiu  ^4-3cosee^=16  as  a  quiidratio  in  »in^ 
and  find  two  values  of  ^  to  f«vti.sfy  it. 

IS.  On  a.  towel-  sr>  ft.  high  .stimds  a  i)ol(!  of  length  10ft. 
What  angle  diK's  this  pole  subtend  at  a  point  on  the  horizontal 
plane  on  which  the  tower  stands,  at  a  jwint  40  ft.  from  its 
base  ? 

ID.    T'iml  the  arejv  of  a  regular  jMjntagon  insscribed  in  a  circle 

of  4"  radius. 

20.  O  the  mid-point  of  AC  is  the  centre  of  the  circle 
circum.scribing  the  right-angled  triangle  ABC.  If  6  =  13,  c—12, 
fimi  <(.  Prove  that  Z.B0C=:2A.  Pind  »in2A,  oinA,  cosA.  and 
verify  the  relation  sin  2A  =  2  sin  A  cos  A. 
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21.  A  man  at  a  imnt  B  olwervcs  an  ol.jecrt  at  C  uml  walks 
200  vanis  n.  ,i  .lim  ti..M  making  an  angle  of  with  BC  to  a 
l....nt  A  wlauo  tho  angle  CAB  also  equaln  S\  Find  tho  distance 
from  B  to  C. 

•  ,  ^  "^^'^'loaro  ha8  its  liyi-utonu^o  12"  lo„g  ;t„(l  tho  shnrtcT 
NMlo  .1  .  1 1„.  li  vpntnMiso  .s!i.l,.s  al.u.g  a  scale  whirl,  is  held  fixed 
nnd  an  am.whcud  .,n  the  hypotenuse  is  i-lac,..!  in  ,su,v,.,s.si,.n 
agamst  marks  at  intervals  of  0-15  of  an  ii,.  h  on  tho  scale  In 
<-a-l.  i„,.s,f  ,„„  a  llMo  is  rul,..!  along  the  longer  side  of  tho  set 
■s-iuarc  How  far  apart  ar.,  thos..  lines  >  If  an  .Trur  of  0(.l  of 
ftn  inch  wa.s  made  in  phioing  tho  se^.  sqiKue,  what  error  in  tho 
position  of  the  line  would  result  ? 

23.  If  a  ship  after  sailing  2.-.  miles  is  12  miles  to  win.hvard 
of  her  st^irtu.g  pon.t,  what  angle  does  her  courao  make  with  the 
direction  of  the  wind  ? 

24.  Construct  tho  angle  whose  c. tangent  is  102.  Measure 
It  and  compare  with  the  angle  given  in  the  tables. 

25.  Find  two  values  of  0  to  satisfy  the  equation 

12cot^+6tantf=17. 

2(5.  _  In  ti.o  side  of  a  hill  which  .slo,,os  at  an  a.rjo  ..f  2if  to 
the  horizontal,  a  tum,ol  is  l^.n-d  sloping  downwards  at  an  angle 
of  10  w,th  tho  horixontai.  Il„w  far  is  a  iH,int  40  ft.  along  the 
tumiol  vertically  IkjIow  tlu;  surface  of  the  hill  ? 

27.    Find  two  values  of  t)  to  satisfy  the  equation 

f)  cos''^   +  7  sin  ^  -  8  =  0. 

41  r\  two  points  A,  B  on  n  hillsi.lo  f  o  1h>  :?  d,ains 

43  hnks  apart,  and  finds  tho  line  AB  to  l>o  inclincnl  at  17'  3o'  to 
the  horizontal  On  h.s  plan  these  points  must  be  shown  at  their 
horizontal  distance  apart.  What  is  this  to  the  neai^t  link  ? 
Given  1  chain  =  100  hnks. 


29.    If  x=a  sec  e,9/^b  tan  0,  pn.ve  that  ' '  - 

/i2  ^ 


-1. 


and^  Rn  right-anglod  triangle  ABC.  AD 

and  BD  arc  drawn  iK^riK^ndicular  to  AC  and  AB  resuectivelv 
Prove  that  AD  =  BC  cosec^ A.  respectn  eiy. 
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CHAPTER  IV. 

FUNCTIONS  OF  ANCJLK.S  GREATER  THAN  A  RIGHT 

ANGLE. 

18.   Note  on  the  Convention  of  Sign. 

If  a  Hue  OX  of  indefinite  length  be  «lniwu  from  a  iM)int  O, 
and  any  length  such  as  OM  be  taken  as  a  unit,  we  may 

O  M  fl'       A    '    B         '     '  JC 

Fig.  31. 

reprosout  any  iiito;,'i-al  immbor  by  tlie  h'li^th  of  a  sojrnient 
containing'  tliis  immlH'r  df  units,  c.ir.  OA,  wliich  cuntaiiisOM 
six  times,  repivsmts  die  ihiiiiIht  fi,  and  AB  the  number  2. 

If  wo  wisli  to  add  the  two  ninnU'rs  represented  by 
OA,  AB  we  way  i)laco  AB  at  the  end  of  OA  and  we  have  their 
sum  represented  by  OB. 

If  we  wish  to  sulttract  AB  fiMUi  OA  we  have  duly  to 
mark  <iH"  AB'  0(iual  to  AB  b>it  in  the  opposite  direction,  and 
wo  liave  OB'  their  dilleience. 

If  AB  is  lonf^er  than  OA,  B'  falls  to  tl»e  left  of  O  and 
the  dilVcrcncc  is  represented  by  OB',  nieasurcd  from  O  from 
right  to  left  and  not  from  left  to  right. 

-1,111111  

B        O  A 

Fig. 

Tims  it  OA  -  4  and  AB  =  6.  Mark  off  OA  from  O,  four 
divisions  to  the  right,  and  then  from  A,  six  divisions  to  the 
left.    OB'  represents  4  -  6  =  -  2. 
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It  will  thim  bo  aeeii  that  length^i  ineaHurcf?  aloiix  a  lino 


X'  A'        i>       A  X 

Fig.  as. 

XX'  jniiii  ;l  ])(.iiit  O  will  lie  coiivcniriitly  rci:  !i<lt'>i  as  pnsitivr 
if  tak.  ii  ill  tho  (lirectiuii  OA  to  tlio  right  of  O  but  as 
negativo  if  driiwu  to  tho  left. 

This  (liffcrenco  in  s\<(n  may  a]>„  bo  ivi.!VM"iit.'il  l.y  ili.- 
ortler  of  tho  letters;  thu.s  OA  may  Iw  ruiisidered  as  -  AO. 

OA  and  AO  are  said  to  denoto  the  wmio  sognicnt  taken 
in  ojiposito  .svv/.s>.v. 

Siniilarly,  for  louf,'th.s  j.:  <  .urutl  along  a  lino  OV  j.^  ri^dit 

Y 


Pig.  34. 

Jiiigles  to  XX',  tho  direction  OY  is  onsidered  iWfsitive  and 
OY'  negative. 

Tais  )nvention  is  applied,  not  only  to  lengths  measured 
along  x;.  and  YY',  but  also  to  lines  drawn  parallel  to  these. 

It  uill  1„)  found  tliat,  by  the  adoption  of  these  conven- 
tions, tn-unometriciil  form ulae  are  onsidf-rablv  .simplified 
and  that  in-^^^ad  of  requiring  ditferent  formulae  for  cases  in 
which  the  angle  involved  is  acute  or  obtuse,  })o.sitive  or 
negative,  we  are  able  to  use  the  same  formula  for  all  cases. 
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19.  As  in  Article  1  Ave  Avill  suppose  a  strai;;lit  line,  called 
the  radius  rector,  to  tiii  u  al)()nt  O  from  an  initial  i)asition 
OX;  then  the  umouut  of  rev(jlutiuii  it  has  underifoiie  in 
coining  to  the  final  position  OP  measures  the  angle  XOP. 
Also  it  will  he  roniemherod  that  if  PN  bo  the  perpendicular 
drawn  from  P  to  the  initial  line  OX,  then 

NP  ON      .  NP 

m\  XOP  ,    cos  XOP  =    - ,  tan  XOP  =  , 

OP'  OP  ON' 

whatever  position  OP  may  liave. 

It  is  iniportiint  to  notice  that  all  angles  are  supposed  to 
be  described  by  revolution /rowj  the  position  OX. 


r 


y 


Fig.  36. 

This  revolution  maybe  in  the  opposite  direction  to  that 
of  the  liands  of  a  clock,  called  the  positive  direction ;  or  in 
the  Siune  direction  as  the  hantls  of  a  clock,  called  the 

negative  directiijn. 

Also  tli(;  railiiis  vector  m;iy  m;il<e  any  number  of  com- 
plete rcvulutiuns  l)e(Viie  coming  to  rest. 

From  our  definition  it  follows  that  all  angles  which  have 
the  same  boundary  line  OP  have  the  same  trigonometrical 
functions.    Such  angles  are  called  cotermituU  angles. 
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20.  Ill  tlio  fi.L(mo,  Al  t.  19,  YOY'  is  (Innvii  perpendicular 
to  XOX',  so  that  cUiy  circle  described  with  O  as  centre  is 
divided  into  four  (piadrauts.  The  quadrants  XOY,  YOX', 
X'OY',  Y'OX  are  called  the  first,  second,  third,  and  fourth 
quadrants  respectively. 

Now  if  the  lines  PiOP„  p.op^  are  equally  inclined  to  XX', 
we  have  four  confluent  triangles 

PjONj,  P,ON,,   P,ON,,  P4ON,. 

Hence  it  follows  that  the  tri.i^oiionietrical  functions  of 
the  anodes  XOP„  XOP,,  XOP„  XOP,  are  nnincnniU;,  \\w 
same;  also  that  there  are  f<mr  and  oiili/  four  i)ositions 
which  the  boundary  line  may  have  in  order  that  any  one 
tri  i^ononietrical  function  of  the  angle  may  have  a  given 
numerlcdl  value. 

If  0  l)e  tlie  acute  an.i^le  XOP,  we  see  from  tliefii^iire  that 
sin^,  sin(lS(r-^),  sin  (l  so' <- sin  (.'JOO"  ^y) 
are  numericullij  equal ;  and  so  fur  the  otlier  functions. 

Here  it  is  convenient  to  a(h»pt  the  convention  <if  sign 
which  we  have  mentioned  already. 

The  convention  of  sign  is  as  follows: 

The  radius  vector  OP  is  always  considered  positive. 

ON  is  considered  ])osItive  if  measured  along  OX,  and 
negative  if  measured  along  OX'. 

NP  IS  considered  jxisitive  if  nieaswn'd  ia  tlie  direction 
OY,  and  negative  if  measured  in  the  ih'i-ection  OY'. 
Hence  if  OP  lies  in  the  first  (iuadi;mt, 
ON  and  NP  are  jtositive ; 
.".  all  the  functions  are  positive. 
If  OP  lies  in  the  .second  quadrant, 

ON  is  negative,  and  NP  is  positive; 

the  sine  and  cosecant  are  positive,  but  all  the  other 
functions  are  negative. 


40  riiArncAL  tiuoonometry 

If  OP  lies  in  ll''*  tliinl  (|Uiulrant, 

ON  and  NP  are  negutlve; 

.'.  tlic  taii^foiit  and  C( ttniyeut  are  positive,  but  all  the  other 

I'uiictiuii.s  arc  negative. 

If  OP  lies  ill  tlic  fuui'tli  (quadrant, 

ON  is  positive,  and  NP  is  iici^ativo; 

.'.  tlic  ('(isiiie  and  sccaut  are  positive,  but  all  the  other 

functions  are  lu'n-ativi'. 

Tims  if  ill  the  fi-ure  of  Art.  I'.t,  PN  :  ON  :  OP    a:  4  :  5, 
.sin  XOPj    sill  XOP,  -  I,    sin  XOP^  -  sin  XOP4  ----  -  ^ ; 
cos  XOPi  =  c(js  XOP4  -  I,    cos  XOP2  =  cos  XOP3  =  -  I ; 
till  XOPi  =  tan  XOP3  =  2.        XOP2  =  tan  XOP4  -  -  2. 

Now,  having  re^'ard  tn  tli(>  .■  •'j/i  of  the  function,  avo  see 
that  tlii'ie  arc  f>ro  jxisitioiis  'diicli  tlie  boundary  line  may 
have  wlu^ii  \vc  arc  given  the  value  of  any  one  function. 

21.    The  point  of  chief  importance  for  us  is  that  we 

may  lie  able  to  olitain  at  once  any  tri,:^uiioiiK'tri(,'al  function 
of  any  angle  a  Avith  the  help  of  tiibles  which  give  the 
functions  of  acute  angles  only. 

The  most  convenient  method  is  to  notice  in  which 
quadrant  the  boundary  line  of  a  lies,  and  then  to  obtain 
from  the  tables  the  recjuired  functions  of  the  acute  angle  6, 
where 

(i    ISO"    B  for  the  second  tpiadrant, 

n    ISO^  +  6  for  the  third  (piadrant, 

a    360°  —  6  for  the  fourth  quadrant. 

AV\>  then  only  have  to  in-efix  the  proper  .sign,  which  can 
b(>  d(iii(»  by  drawing  a  figure,  or  mentally  after  a  little 
practice. 
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Exiiinple  (i). 

Find  the  functioTis  of  140°. 

Tlio  Ixiuiuliiry  lino  of  the  nw^Xn  is  in  the  socoud  quadrant, 
and  the  corresponding  acute  angle  is  40°,  since  140°  =  180° -40°, 
Also  in  tho  second  quadrant  the  sine  is  positive,  and  the  cosine 
and  tangent  arc  negative  ; 

.-.  sin  140'=    sin  40°.=    -(U^S  ; 

(OS  1 10°=  -o.s  40°=  -  -TCJOO  ; 

tan  140'=  -tan4(>°=  -  -S.'iin. 

In  a  similar  way  we  have 

cos  200''  =  cos  (180°  +  20°)=  -cos  20°=  -  -'.m-  ; 

tiin  313°= tan  (360°  -  47°)=  -      47°=  -  1-0724  ; 

cosec  127°«=cosec  (180°  -  53°)=  +cosec  53°  =  1-2521 ; 

cot  197°  24'=c(»t  (180°  + 1 7°  24')=  +cot  17°  24' =3-1910. 

K.iii III iiJ)<,  (ii). 

Find  tlio  i>ositivo  angles  l(>ss  than  3(j(»°  whii  li  satisfy 
(I)  tan(9  =  -47;M;  (2)  cos (9  =  - -43GO. 

(1)  Since  the  taii<,rcnt  is  jw.sitivo  tho  boundary  lines  of  the 
angles  must  be  in  tlio  first  and  third  quadrants. 

From  tho  tables,     -4734 = tan  2.j°  20' ; 

.•.  the  angle  in  the  first  quadrant  is  25°  20' ; 
and  the  angle  in  the  third  quadrant  is 

180°+25»20',  i.e.205'20'. 

(2)  Since  the  cosine  is  negative  the  boundary  lines  of  the 
angles  must  be  in  the  second  and  third  quadrants. 

From  tho  tables,      '4360 = cos  64°  9*  ; 

.-.  tho  angle  in  the  second  quadrant  is 

180° -64°  9',  i.e.  115°  61'; 

and  tho  angle  in  the  third  quadrant  is 

180°+64°9',  i.a244"9'. 


42  PRACTICAL  TRIGONOMETRY 

22.  If  ■wo  are  given  sin  ^>    '■},  ^ve  liave 

.'.  cos^  =  +  |. 

Tlie  meaning  of  the  double  sign,  which  we  disregarded 
in  Art.  11,  can  now  be  explained. 

There  are  two  positions  which  the  boundary  line  of  0 
may  huvo  in  order  that  sin<?  may  be  one  in  the  first 
quadrant  and  one  in  the  second. 

The  cosines  of  angles  wliieli  havt;  one  of  tlieso  two 
honnilary  h'nes  are  numerically  !, ;  l>nt  if  the  houndary  lino 
is  in  the  iirst  quadrant  the  cosine  is  positive,  and  if  the 
boundary  line  is  in  the  second  (luadrant  the  cosine  k 
negative. 

23.  We  can  stiite  our  results  more  generally  as 
follows : 

sin  (180° -6) -sine, 
cos  (180" -e)  .-- cos  e, 
tan  (180° -6)-- tan  e, 
sin  (180° +  6)  = -sin  5, 
co8(180°  +  e)  =  -cos5, 
tan(180°  +  e)  =  tane. 

Also  since  the  angles  6,  360°-^  are  ooterminal,  we 
have 

sin  (-  e)  =  sin  (360°-  6)^-  sin  0, 

cos  (-  6)  =  cos  (3m°-e) cos  e. 

The  student  who  wishes  to  u('(iuire  skill  in  trigono- 
metrical tmnsfonuatinns  should  make  hiniielf  familiar  with 
the  results  in  tiic  a.M,ve  form,  and  with  the  functions  of 
90° and  W+6  which  we  discuss  in  Artic'  os  21,  25. 
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24.   To  prove  that 

ami  fos  (;)(>'  -<?)  siii^?. 

Let  a  radius  vectnr  shut  fioiii  OX  and  revolve  until  it 
has  described  an  angle  6,  tiiking  up  the  pusition  OP. 

y 


yig.  sr;. 

Then  let  tlie  radius  vectnr  start  from  OX  and  levolve 
through  90"  to  the  po-  itiou  OY  and  hack  through  an  angled 
to  the  iMjsition  OP'.    Then  XOP*  is  the  angle  90" -6. 

If  we  draw  perpendiculars  PN,  P'N'  to  OX,  we  have  two 
congruent  triangles  PON,  ON'P'. 

n'p'  on 

Hence    sin  (90°-    -  ^     -  -    cos  d, 
^  OP      OP  ' 

ON'  _  NP 

op'  ~0P 

Thus  we  liave  important  relations  between  the  functions 

of  coinpleinentjiry  angles. 

The  sine  of  an  angle  is  the  cosint*  of  its  (vmiplenient. 
The  tiiugeut  of  an  angle  is  tiie  cotangent  of  its  com- 
plement. 

The  secant  of  an  angle  is  the  cosecant  of  its  comple- 
ment. 


cos  (90°- 6)  =  ■ 


sin  6. 
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Example. 

Find  a  vahie  of  6  to  satisfy  sin  6^ =co8  AO. 

The  eiiuiition  is  .s;lti^stied  if  0^  aiul  Ad  are  complementary 
angles  ;  that  i.s  if  6<9  +  4^=yO" ;  hence  tf=9°  is  a  solution  of  the 
equation. 

25.    To  jtrovc  that 

sm(9()°+^)  =  oo,se, 
and  cos  (fM)°  +  ^)  =  -  sin  ^. 
Jjct  a  r.ulius  vector  start  from  OX  and  revolve  until  it 
has  dt'scrilu'd  an  ;ni^le  0,  t^ikini^  up  tlic  jtosition  OP. 

Then  let  the  radius  vector  stiirt  Iroui  OX  and  revolve 
througk  90°  to  the  position  OY  and  then  on  through  the 
aufede  6  to  tlie  position  OP'. 

Then  XOP'  is  tlie  anyle  90'  i^. 

If  wo  draw  tlie  jHMpeiidiculars  PN,  P'N'  to  OX,  wo  have 
two  con-^rueiit  triangles  PON,  ON'p';  and  hence 

ON'  =  NP  in  magnitude  Imt  is  of  opposite  sign, 
N'P'^  ON  in  magnitude  and  is  of  the  Sfune  sign ; 

r 


.'.  siii(9()"+e)^ 
Cfis(90'+e)-= 


Fig.  37. 
N'P'_ 
0P^~ 
ON' 
OP' 


ON 


NP 
OP 


■sin^. 
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26.  The  results  of  Articles  'j:?,  21,  25  have  been 
obtained  for  the  case  in  whicii  6  in  an  acute  angle,  but 
the  iniiKjrtance  of  the  sign  convention  will  be  realised  by 
noticing  that  -we  obt^iin  tlie  same  formulae  whatever  the 
magnitude  of  0  may  l>o.  The  following  figures  illustrate 
the  relations  between  the  ratios  of  0  ai.d  1S()° 


(i)  (ii) 


In  each  figure  XOP  represents  the  angle  0,  taken  in  turn, 
in  each  of  the  four  (quadrants. 

XOP'  represents  the  angle  ISO"  -0  ftjrmed  hy  OP'  turn- 
ing from  OX  through  180°  and  then  bjickwards  in  the 
negative  direction  through  an  angle  e<iual  to  6. 

It  will  be  seen  that  in  each  case  NP  =  N'P',  ON=-ON' 
and  OP  is  always  considered  positive ; 

sin  (1H0°  -  6)  =  sin  e,     cos  (1  SO"  -  (9)  =  -  cos  (9, 
tan  (180° -6*)^  -tan^. 

Exercise.  Draw  figures  to  prove  the  relations  between  the 
ratios  of  the  angles  6, 180° 90°  -  5,  90*+ d  when 

(i)   ^=150',      (ii)  (iii)  ^--30*. 
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Examples.    IV  a. 

1.    With  llu;  hulp  of  the  tallies,  fimi  the  following  : 
(1)    .sinlLV.  (i)    c(«130'.  (.3)  seA"/. 

(4)    t.anl42^  cos  312°.  (6)    cot  127°. 

(7)    sin  12.')°;}/.      ;,Sj    cos!)8M4'.       (9)    sin -no' 

(10)    tin24.ri.V.    (11)    .■osecKU".      (\'2)  c„tl92^33'. 

-'.  I"i!i<l  ill  ca.  h  of  the  following  cases  two  positive  values  of 
6  less  than  3(10'  : 

(l)  Uin6=--2-l4-2r,.    (2)  tan  ^  = -3400.  (3)  sin  ^=-8016 

(4)  cos  $=  -  -3870.     (5)  cosoc  0=  -  M432.    (6)  cot  ^=2-9r,15. 

3.  Draw  the  l>nun.lary  lines  of  all  the  angles  whoso  tangent 
18  -7.  Measure  tlic  two  smallest  positive  angles  with  a  protractor, 
and  verify  your  results  with  the  tables. 

4.  Draw  a  figure     show  that  if  sin  (9  =    ,  then  tan  (9  =  + 

5.  When  A  =  130°,  draw  figures  to  show  that  ^ 

sin (90°  +  A)  =  cos  A,    .sinnS(r  +  A)=  -sin  A, 
tan  (ISO"- A  =  -  tan  A. 

6.  In  a  triangle  ABC,  i  =  r,,  c  =  3  ;  sho-v  that  the  area  is  the 
same  whether  A  =  :>{)'  or  1.30°, 

7.  If  A  is  an  angle  of  a  triangle,  find  its  magnitude  from  the 

following  equations : 

(1)  3sinA  =  l-7;  (2)  4cos A  =  2-5  ;  (3)  5eosA  +  2=0. 
s.    Sliow  that  no  root  of  nsind +  4=0  can  be  an  angle  of  a 

triangle. 

9.  Fiii.l  all  llie  positive  angles  between  0'  and  300"  which 
Siitisfy  the  eijuations 

(1)  2cos2^  =  3.sin^  ;  (l')  lOsin- i^- Ssin^ -4=0  ; 
(3)  lOtaui?- -)eot(9-  :i.3. 

10.  By  making  use  of  the  relations  which  exist  between  the 
fun.  tions  of  ooniplenientary  angles,  find  a  value  of  ^  to  satisfy 
the  eipiations  ■' 

(1)    sin  .3(9  =  cos  2^;    {-2)    tan     =  cot  4(9. 

11.  By  using  the  relations  which  exist  l)etween  functions  of 
0  an.l  ls(»t^,  (■„„!  ,x  value  of  ^?  to  satisfv  the  e.iuations 

(1)  sni  .4<9  =  sin  0  ■    ^2)  sin  .1^=  -,sii,  6  :    m  eos4^^  -<h>sA 

12.  If  A,  B,  C  are  the  angles  of  a  triangle,  show  that 
(1)    sin(B+C)=8iuA;      (2)    cos(B  +  C)«= -oosA ; 

.  A  +  B  C 
(3)  sm— — =cos2. 
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27.   Limiting  Valaes. 

If  the  denominator  of  a  fraction  leiiiaiiis  ciiiistiint  while 
the  iiiiiiicrator  <U'cn'asos,  it  is  clear  tliab  tlio  fraction  de- 
creases; and  by  decreasing  the  nmiicrator  BulHciently  the 
fraction  can  he  made  as  small  jus  we  ])icaso. 


Tluis  in  tlie  fraction  '  ,  if  a  remains  constant  while  a? 

(I 

(lecroascs,  tlu;  fraction  also  decrea.s2s  and  approaches  zero  J 
that  is  to  say,  its  luiincrical  value  boconios  and  remains 
less  than  any  positive  imniher  we  may  choose,  no  matter 
how  small.    A  convenient  notation  to  express  this  is 

This  is  read  *'  as  x  tends  to  zero,  the  limiting  value  of 

the  fraction  -  is  zero." 
a 

If  the  uumerator  of  a  fraction  remain^3  constant  wliile 
the  denominator  decreases,  the  fraction  increases. 

By  making  the  dcnoininator  sutii-iently  small  we  can 
make  this  fraction  becoiue  and  remain  greater  than  any 
positive  number  we  may  chouse,  h(jwevcr  great  that 
number  may  he  ;  in  this  case  the  fraction  tends  to  infinity 

A  convenient  notation  to  express  this  is 

Similarly  it  will  be  seen  that 
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28.  Functions  of  0'  and  90'. 
Let  XOP  be  any  siuuU  anglo. 


Fig.  30. 


With  our  usual  notation  we  liave 

NP 

smXOP  =  . 

OP 

Now  as  the  radius  vector  approaches  the  position  ox, 
NP  decreases  while  OP  remains  constant. 

Hence  as  tlio  an^'le  XOP  ilocroasos,  sin  XOP  also  de- 
crea,ses;  and  ui  the  limit,  when  OP  lies  along  OX,  we  have 

sinO°-^^^  =  0.  . 
OP 

Also  as  OP  api)roaclies  OX,  ON  bet-omes  more  n.jarly 
equal  to  OP,  and  in  the  limit  we  liave 

OP 

cusO        -  ^1. 
OP 

Again,  if  we  consider  the  ratio  we  see  that  as  the 
angle  XOP  decreases  OP  remains  constant  while  NP  de- 
creases; and  therefore  the  ratio  °^  increases.    In  the 

limit  when  NP  vanishes,  the  ratio  becomes  iixfinitdy  great : 
and  lience  we  have 

cost>(»  0'     X . 
In  a  similar  way  it,  can  be  shown  that 

tanO°-0,  cotO°  =  oc,  secO°  =  l. 
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Now  lot  us  8upi)Oso  OP  t<j  Jippicacli  tho  liuo  OY.  lu 
this  CU80  NP  approaches  OP  ami  coiucidea  with  it  when 

L  XOP  =  90°, 

and  ON  decreases  and  becomes  zero  when 

L  XOP  =  9<)°. 

Hence  ,sin  90°  = =  ] 

OP  ' 

OP 

tan  90"  00. 

When  the  anyle  XOP  beconi.'.  sli-litly  ^rreutor  than  90°, 
ON  becomes  negative  and  the  tanyfiit  of  the  aut;lo  is  inH- 
nitt  ly  oreat  and  of  negative  sign.  Tlie  tangent  is  said  to 
diange  its  sign  when  passing  through  the  vahie  infinity. 

It  will  be  noticed  that  o  and  90°  are  complementary 
aii^Ios  and  consequently  their  fimctions  obey  tl>o  laws  of 
Art.  21. 

ExercUi'.    Write  down  tin;  Viiliies  of: 
(i)    cosec  90",  sec'JO",  cotlXJ  . 

(ii)  sin  180°,  cos  180^  tan  18U\ 

(iii)  cosec  180°,  sec  180°,  cot  180°, 

(iv)  sin  270",  cos  270°,  tan  270°. 

(v)  cosec  270°,  sec  270°,  cot  270°. 


4 
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Fig.  40. 

With  tlie  sjiinc  ligiire  ;i>  liclor.',  let  _  XOP  >. 

TJien  sm  f'  -  . 

OP 

Now  OP  renijiins  c.inst.mr,  in  iii.iuiiituiie  ad  si_  so 
the  clittuges  in  sin  B  are  due  to  the  flian^jes  in  NP  onlj 

When      O"  w.'  Iwivn  sin  0     •  [Art.  2S  . 
As  B  iiicn'a,-(^s  fruiii  <»  to  '.to  , 

NP  iucivases  and  is  ]i-^iiiv<  ; 
.'.  sin  &  increas(>-  ami   -  ]»ositivo. 
AViich        ^  -  -iO  ,    sin^    1  [  \\\.  28]. 
A.s  0  in(^mt.'<es  fn.ui  90°  t<j  !»«»', 

NP  decreases  and  i.s  jKjHitive; 
.'.  Aw  0  deerea.ses  and  i.s  jXisitivr-. 

Wh<^n  180°,  sin<^     "  0. 


AN    LK.S  (.KEATKK  TH  \  X    V  Hi  -HT  ANGLE 
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i 
1 


As  6  inert     s  from  IMO*  to  -'70' 

NP  I'      .i>fs  lujuuTit'al!  V  yut\  is  lu'gativo  ; 
.  • .  n\nr  u  tcreaseM  i  i  ami        v  a,  d  is  negative. 


(?-27<»°,  Kii 


OP 
OP 


-1. 


As  ^  iiu  rtjast-  from  '70°  t^.  .'{  .<)" 

NP  dtfruiiM's  ami     in  itiv< 
■.  niii  '  liecr^     's  aiul  i.-  i,  .rat. 


Wl  u 


'     360  ,      I  e 


The  chan^  ~  in    ic  v;ilu 

conveniently  by  irmi  >!  a  ''in 

Dr.iw      M          0/  OY 

Aloiif,'  OX  ON 

an  un;,'le,         or.  -h  •  • 

value 'ff  tin    iiict  h 
i-  call*  '  thegrji  il.  ,.ft  .-     u  iion. 

We  Have         Mow  t     graph  of  the  sine. 


iare(  ai)er. 
lit  ;ingle.>  u)  one  u  tther. 

Mit  the  niii<fnitu(le  of 
iii  u  NP  to  rcpri'scnt  tJie 
-  of  P  will  bo  ji  curve  w  hich 


Fig.  41. 


4—2 
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30.   To  trace  the  chanj'es  in  tan  B,  we  have  tan  0  - 

"  ON 

and  butli  NP  aiul  ON  cliange  witli  0. 

When  e-0',  tan(?  =  -^-=0. 

'  OP 

As  6  clianges  from  0°  U)  90°, 

NP  increases  and  is  jiositive, 

ON  decreases  and  is  jxisitive ; 

.'.  tan  0  increiises  and  is  i)ositive. 

OP 

When         e  -  90%   tan   =     =  x . 

As  0  clianges  from  90"  to  180°, 

NP  decreases  and  is  iwsitive, 
ON  increases  and  is  negative ; 
.'.  tan  0  decreases  and  is  negative. 

When  e=^lHO\  tiin6  =  -^^  =  0. 

OP. 

As  0  clianges  from  180°  to  270°, 

NP  increases  and  is  negative, 
ON  decreases  and  is  negative; 
.'.  tan  6  increases  and  is  positive. 

OP 

When         e    270",   tan  ^  =  —  =  « . 

As  0  changes  from  270'  to  360% 

NP  decreases  and  is  negative, 
ON  increases  and  is  positive; 
.'.  tan  6  decreases  and  is  negative. 

When  ^  =  300%   tan  6-^^-0. 

'  OP 
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The  graph  of  taii  6  is  given  below.    Note  that  since 

t»u(  180" +5)  =  tan  5, 

the  curve  for  vahies  of  0  from  0°  to  180'  is  rtv^uted  lor 
vahies  of  0  from  180°  to  360°. 

In  drawing,'  graph?  of  tlie  functions  the  student  sliouLl 
noto  th.it  the  function  clianges  sign  only  after  passing 
tlirough  tl;e  values  zero  or  infinity.  * 


Fig.  42. 
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Examples.   IV  b. 

1.  JJi.si^ii.ss  tlio  clwiiigcs  in  the  following  functions  as  6 
changes  from  0°  to  360°,  and  illustrate  by  a  graph  in  each  case: 

(I)   cosd.       (2)    cotd.       (3)    cosoc  6.       (4)    see  6. 

•I.  1  )riiw,  with  the  same  axes  of  reference,  graphs  of  sin  6 
and  cos^;  and  from  your  figure  obtain  values  of  6  l)etween 
0''  and  360^  for  which  (1)  .sin^  =  cos5;  (2)  8in<9=-cosd. 

Also  with  the  help  of  your  figure  draw  the  graph  of 
sin^+cos^. 

3.  Tricc  the  ch;uig(3.s  in  sign  and  magnitude  of  tantf  as  0 
decreases  from  180°  to  0°. 

4.  Draw  a  curve  on  H(iu;ired  p;iiHu-  to  hIiow  the  length  of 
the  Hhiulow  cawt  by  a  tree  100  ft.  high  for  all  elcvatious  of  the 
sun  up  to  50°. 

5.  N  is  the  foot  of  the  pcri)endicular  drawn  from  a  moving 
point  P  to  tlie  fixed  straight  line  OX.  If  all  positions  of  P  are 
obtained  by  giving  different  values  to  6  in  the  equations 

ON  =  r)  cos  (9,  PN=4sin(?, 

find  for  what  values  of  ^,  P  is  (1)  ncai-c.st  to  O,  (2)  farthest 
from  O,  and  obtain  the  distance  of  P  from  O  in  each  case. 

Draw  on  squared  pajier  a  curve  showing  the  inisitions  of  P 
for  values  of  6  between  0°  and  180°. 

6.  A  particle  projected  with  a  velocity  of  100  f'wt  per  second 
in  a  direction  making  an  angle  a  with  the  horizontd  plane 

strikes  the  horizontal  plane  j^ain  at  a  distance  ft. 

32 

from  the  point  of  projection.  Por  what  value  of  a  ii  this 
distance  grciitcst,  and  what  is  the  greatest  distance  ? 

Also  find  two  values  of  a  for  which  the  range  of  the  particle 
would  be  100  ft. 


CHAPTER  V. 

IIELATIONS  BETWEEN  THE  SIDES  AND  ANGLES  OF 

A  TRIANGLE. 


31.  To  prove  that  in  any  triangle 
a        b  0 


If';>  1)0  tlio  len^■t]l  of  the  i>eri)endicular  AD  dmwu  from  A 
to  tho  .side  BC,  wo  havo 

p  -----  c  sill  B      sill  C; 
sin  B    sin  C  ' 

and  ill  a  similar  way  each  of  these  ration  may  \)q  sliowu  to 
be  equal  to  . 

RIP  ^ 

If  Olio  of  io;le,s  1)0  ()l)tiiso,  siioli  as  C  in  V'v^.  41,  ilio 

same  resultli..     ,  for  />    h  sin  flHO'  -  C;    /.sin  C  as  hofore. 

I^ote.  Prove  that  the  foniiula  \(il>  y.mC  for  the  area 
of  a  triangle  (Art.  15),  holds  g(jod  when  C  is  an  obtuse 
angle. 
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32.  To  pre  ve  +hat  in  any  triangle 

=:  a2  +  b2  -  2ab  cos  c. 

Ill  Fig.  ±o,  wlioro  C  is  acute,  Ave  have,  by  ti  well-known 
theorem  in  Geometry, 

AB»    BC^  +  CA"^  -  2BC  ,  CD 

^  BC=  +  CA^*  -  2BC .  CA  cos  C, 
i.e.      -  rt"  +  1"    -  2ab  cos  C. 
In  Fig.  44,  where  C  is  obtu.se,  we  have,  by  Geometry, 

AB'^  :-  EC-  }  CA-  4  -iBC  .  CD 

=  BC-  +  CA-  +  2BC  .  CA  cos  (180'  -  C) 
BC-  (  CA-  -  28C  .  CA  cos  C, 
i.f.      <■-       (/-  +  />-   —  2r<''josC. 

Note  that  the  sign  convention  enables  us  to  have  one 
fonnuia  for  both  ca.«es,  (i)  C  acute,  (ii)  C  obtuse. 

Thus  we  can  obtain  the  third  side  of  a  triangle  when 
we  are  given  two  sides  and  the  included  angle. 

And  since  the  above  formula  can  be  written 

^    a'-  +-  //-  - 
=     2ab      '  • 

and  similarly 

+  r-    <r                (?  +  a-  -  Ir 
cos  A- —    ,  —    ,    cosB=  , 

\vt!  can  obtain  any  angle  of  a  triangle  of  which  the  sides  are 
known. 

33.  When  any  three  liidipcndent  parts  of  a  triangle 
are  given,  the  formulae  provod  alwve  are  sufficient  to 
detenuino  the  remaining  jmrts,  but  the  complete  solution  of 
trian.L'^les  without  the  use  of  lo^^'-nritlinis  gonenilly  involves 
(lunisy  woik,  and  we  shall  therefore  postpone  it  until 
Chapter  viii. 

There  are  however  many  occasions  on  which  logarithmic 
work  is  not  required,  and  it  is  well  that  the  student  should 
become  familiar  with  the  formulae  at  this  stage. 
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Exiimple  (i). 

I'iiid  tlu3  largest  aw^V^  of  the  trianglo  whase  mV-a  are  3,  4,  6. 
if  (f=3,  ^*  =  4,  f=G,  we  have 

«24-62-c2    9+16-36  11 

cos  C  =  ~  , —  =  —  —=z  _  1:  =  _  •4583  • 

2a6  24  24  ' 

.-.  C  =  1H0  -(;2°43' 

=  117  17'. 

Example  (ii). 

A  man  observes  tlie  clevatio.  of  a  tower  to  ]»c  n;  after 
•walking  a  distance  c  towards  tlie  tower  ho  observes  tlie  .Icvutioii 
to  be  /3.    Find  the  height  of  the  tower. 


Let  A,  B  denote  the  points  of  observation,  and  CD  the  tower. 
Then  CD>>BDsin/3. 
Now  from  the  A  ABD,  wo  have 

BD  _  c 
sin  a  ~  Mn(/i-(i)  ' 

csina 

.'.  B0=::    

sin(/i-a)' 
and  the  height  of  the  tower  is 

osinnsiu/S 
ii\n{ti-n) 

This  method  is  usually  more  convenient  tlian  that  given  in 
Article  16,  as  the  result  is  suitable  for  logarithmic  work. 
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34.  If  wo  are  driven  two  sides  of  ;i  tiiuii^'lu  and  tlie 
angle  02)ix).sito  one  of  tlieui,  suy  a,  b,  A,  wo  may  proceed  to 
find  the  remaining  parts  in  two  ways. 

We  may  find  the  angle  B  from  the  relation 

isinA 

 (1). 


sm  B 


a 


or  we  may  find  the  side  c  by  ccjiisidcrin^'  the  relation 


■  b'  +  c-  -  2b(:  cos  A 


.(2) 


as  a  quadratic  equation  in  c. 

Now  from  (1)  we  get  two  values  for  B,  which  are  s\ipplo- 
mentary  angles  [Art.  23],  and  from  the  quadratic  equation 
(2)  we  get  two  values  for  c. 

There  may  consequently  be  ainbij,aiity  concerning  the 
solution  of  the  triangle,  which  we  will  now  discuss  geo- 
metrically. 

35.  To  construct  the  triangle,  diuw  the  ani^lo  XAC 
equal  to  A,  and  make  AC  equal  to  b.  With  centre  C  and 
radius  a  describe  a  circle,  which  (if  the  data  are  possible) 
will  meet  AX  at  the  required  point  B. 

If  rt  =  the  periwndicnlar  drawn  from  C  to  AX  =  J  sin  A, 
the  circle  touches  AX  at  B  [see  Fig.  46]. 


Fig.  47. 

If  a  >  6  sin  A  <  6,  the  circle  cuts  AX  at  twtj  points  B,  B', 
and  we  have  ambiguity;  for  both  triangles  CAB,  CAB'  have 
the  given  parts  [see  Fig.  47]. 
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If  f<  =  h,  the  jwiiit  B'  cjoiiKjides  with  A,  and  we  Jiave  one 

triaii<,'le  only. 

If  a  •  h,  the  jjoiiits  B,  B'  ur*'  mu  opposite  sides  of  A,  and 
we  only  have  one  trian;,'le  witii  the  given  jmrts;  for  _  CAB' 
is  the  supplement  of  the  given        A  [see  Fig.  48]. 


Thus  we  see  that  niul)i,L,niity  can  only  arise  when  the 
side  opposite  the  given  angle  is  less  than  the  other  side. 

Examples.   V  a. 

1.  Find  the  lat^cHt  angle  of  the  triangle  whoso  Hides  are 
6,  7,  8  feet 

2.  Given  B = 1 14%  a  -  2,  c = 3,  find  6. 

3.  Find  tlic  vertiad  angle  of  an  isosi-.-lcs  triangle  whose 
equal  sides  are  3  ft.  and  bjvse  5  ft. ;  (1)  by  using  the  fai  t  that 
the  bisector  of  the  vertical  anglo  is  i)eri)endieular  to  the  ba.sc 
and  bisects  it;  (2)  by  using  the  fornnda  giving  the  cosine  of  an 
angle  of  a  triangle  in  terms  of  the  sides. 

4.  Find  the  lengths  of  the  diagonals  of  a  p.vnillt^logram  of 
which  two  sides  ai-o  2,  5  metros  aii<l  aro  inclined  at  r)0\ 

5.  Show  that  the  pirts  B  =  4<)\  b  =  b,  c=20  cannot  form  a 
triangle. 

6.  If  a = 4,  6  -=  5,  c = 6,  find  the  angles. 

v.  The  di^nals  of  a  iwallelogram  are  4,  6  ft.  an.l  intersect 
at  28°;  find  the  sides. 

8.    If  6 = 10,  c  -  8,  A  -  47%  sdve  the  triangle. 
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i).  Sliow  tliiit  tlxLTo  arc  two  triaiii;li's  luiving  6=3,  c=*4, 
8  =  40°,  and  find  tho  angle  A  in  each  case. 

10.  Tho  sides  of  a  iKimllelogram  are  4  ft.,  5  ft.,  and  the 
shorter  dia-roiial  is  2  ft.;  find  the  otlior  diagonal. 

11.  Uiven  c=lO,  <t  =  U,  B  =  3.r,  find  the  length  of  the 
nitiiian  which  bisects  BC. 

12.  Find  tlie  obtuse  angle  in  the  triangle  whose  sides  are 
as  2  :  .-)  :  (J. 

13.  Prove  with  help  of  figures  (1)  wheji  A,  B  are  acute, 
(2)  when  A  is  obtuse,  that  c=a  cos  B +6  cos  A. 

14.  In  a  triangle  A-llS",  a=3,  c=2;  find  the  other  angles. 

15.  OX,  OY  are  two  straight  roads  inclined  at  G0\  A  man 
A  walks  along  OX  at  4  miles  an  hoiu-,  and  B  stirts  along  OY  at 
tho  same  time.  If  B  is  7J  miles  from  A  at  the  end  of  2  hours, 
obtain  a  (ni.idratic  equation  for  the  distance  B  has  walked  in 
that  time  and  .^^olve  it. 

IG.  u,  b,  c,  d  are  the  sides  of  a  quivdrilateral  inscribed  in  a 
circle,  and  6  is  the  angle  contained  by  «,  h ;  by  writing  down  two 
expressions  for  the  diagonal  opposite  6,  pn^ve  that 

cos  5=:  — ,  — i —  , 

17.  If  .T  1)0  the  length  of  a  diagonal  of  a  iKtrallelograui  which 
makes  angles  a,  /3  with  the  sides,  show  that  the  sides  are 

J?  sin  a         ,  .rsinS 
-. — r       -  and     .  , 
sm(a+/i;  sni(a+^) 

18.  A  straight  line  AD  divides  the  angle  A  of  a  triangle 
ABC  into  two  jmrts  o,  ii  and  meets  BC  at  D:  show  that 

BD  _  csin  a 
DC  "  ba'm^' 

19.  The  parts  «,  c,  A  of  a  triangle  arc  given.  W^rite  down  a 
quadratic  (H|ii;.m,,ii  for  tho  remaining  side  b.  If  6,,  b-^  are  the 
lengths  of  the  third  side  in  the  two  triangles  which  have  the 
given  parts,  show  that  />!-»  /•..= 2c cos  A  and  bih^^c^-a^ 

Also  prove  that  the  sum  of  tho  areas  of  the  two  triangles  is 
sinAco.sA-  aii(l  conKoqucntlv  indoiiojirlfjit  t^f  .7 

20.  In  tho  A  ABC,  if  tho  Ihie  joining  A  to  the  mid-iwintof 
BC  is  i>eriK3ndicular  to  AC,  prove 

co8AcosC=—  — ' 
3ac 
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Misoellaaeons  Examples.  C. 

1.  Draw  two  straiL'ht  linen  OX,  OY  at  right  miglcs,  OX  to 
iho  right,  OY  up,  aiid  find  a  itoint  P  4"  from  OX  aiid  1"  from  OY. 
Now  iiiiagiiu)  P  to  roinaiii  lixwl  whilo  YOX  is  rovolvctl  c(uuit<ir- 
clockwise  about  O.    ])eteriuii»o  both  by  drawing  and  calculation, 

(1)  what  amoimt  of  revolution  would  make  OX  yaaa  through  P; 

(2)  the  distaiice  of  P  from  OX  when  OX  has  turned  through  60°. 

2.  Iking  given  c(),s4r  24'  =  ^,  find  two  values  of  \ea»  than 
IW  which  siitiafy  4  com 2^  +  3  =  0. 

3.  In  a  triangle  ABC  prove  that 

u  oin  B 


tan  A  — 


c-acc»B' 


4.  A  man  surveying  a  mine  measures  a  length  AB  of  12 
chains  due  E.  with  a  dij)  of  8°  to  the  liorizon  ;  then  a  length  BC 
of  20  chains  duo  K  with  a  dip  of  5 '.  How  nnu  h  deci)er  vertically 
is  C  than  A?    A  chain  =06  ft.    (Jive  the  answer  in  feet. 

5.  Two  lines  OA,  OB  of  length  /-j,  i-esiKsctively  make 
angles  of     and  6^  with  a  tliird  lino  OX.  Prove 

AB« = ri« + rj*  -  2r,rj  oos  {0^  -  ^,). 


6.  In  a  triangle  Jiin'-C=sin-A+Min-B.  Prove  that  the 
triangle  is  right-angled. 

7.  ABCD  ijs  a  parallelognuu : 

AB=2-5",  BC=4",  and  Z.ABC  =  65°. 

Calculate  the  area  of  the  parallelogram  and  the  length  of  the 
diagonals. 

8.  A  i.s  m)  yards  from  B  in  th.;  s-vnio  hoii/.ontd  piano. 
The  angular  elevation  at  A  of  a  kite  vertically  al>ove  B  is  5*5"  30'. 
How  far  must  the  kite  descend  before  its  angidar  elevation  as 
seen  from  A  is  half  that  angle? 

9.  If  D  be  the  inid-point  of  fhu  side  BC  of  ai.  equilateral 
triangle  ABC,  and  O  the  point  of  intersection  of  the  medians, 
prove  by  finding  the  lengths  of  AD  and  AO  in  tenn.s  of  a  side 
of  the  triangle  that  AO— 2.0D. 
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10.  A  mast  in  Hecvired  by  3  eqiuil  HtayM  connecting  ita 
highcHt  iM>int  with  3  pegs  on  the  ground  at  the  cornera  of  an 

wiuilatcral  triangle.  If  tho  l«>iii,'tli  of  ciuli  stay  Ih  15  fcrt  mid 
the  distance  botwt.  mi  2  p-:gu  \!i  30  ft.,  find  tlio  lieight  uf  the  niaut. 


11.  Find  from  the  definitions  a  formula  which  will  give 
COH^  when  tan     is  known. 

Takinj,'  0  —  'M"4'.i',  find  its  ian<,'ont  from  the  tiMos:  then  find 
its  cosine  from  your  fornnila  and  comiwire  the  result  witli  that 
given  in  the  tables. 

12.  A  balloon  is  vertically  over  a  point  which  lies  in  a  direct 

line  iKjtwfcn  two  oIisctvi  -s  who  are  2000  ft,  apart  and  who  note 
the  angles  of  eievatiuu  of  the  balloon  to  bo  35"  30'  and  (!r20': 
find  its  height. 

13.  The  half  ABC  of  a  rectangular  sheet  of  i)ai>er  ABCD, 

AB  =  r)",  BC=^7",  is  folded  alnnit  the  dia^'onal  AC.  Find  l)y 
using  tables  the  angle  between  CD  and  the  new  ^>ositi(>n  of  CB. 
Find  also  the  length  of  the  line  joining  the  old  and  the  new 
positions  of  B. 

14.  Two  circles  whose  radii  are  .'i  cms.  and  3  cms.  have  their 
centres  10  cms.  ajwirt ;  prove  that  the  common  tangents  make 
angles  sin~**2,  or  sin  "''8  with  the  line  joining  the  or;ntre.«4. 

15.  A  line  of  length  .r  is  drawn  from  A  to  any  ^>oint  in  the 
side  BC  of  a  triangle  ABC  and  makes  angles  of  (I,  <f>  respectively 
with  AB,  AC :  prove  by  using  the  formula  for  the  area  of  a 
triangle  that 

sin      sin  </>  _  sin  {6+(f>) 
b        c    ~      X  ' 

Ifi.  Take  a  line  OA,  length  5  cms.,  near  the  lower  edge  of 
the  page  and  draw  |>eriH;ndicular  to  it  a  line  AB  of  unlimited 
length.  Find  wiili  your  instruments  eight  points  P,  Q,  R  ...  on 
AB  such  that  AOP= POQ=QOR  =  ...  =  10°.  From  the  figure  find 
the  average  increase  of  the  tangent  of  the  angle  for  each  d^;ree 
between  0  and  10°,  10°  and  §0°,  etc. 

Wliat  happens  to  the  tai^nt  as  the  angle  increases  from 
80"  to  90°? 
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17.  Two  iulj.icciit  Mulcii  of  a  jwirallelograin  inclined  at  an 
an<,'lo  (I  HI  o  P  and  GL  The  diagonal  paaning  through  their  iioint 
of  iatenoction  irt  R,  Prove 

IH.    riti.l  th.!  iH.sitivo  valneH  of  6  between  0*  and  3«0*  which 

M;iti.><fy  the  equation 

19.  OX,  OY  arc  two  straight  lines  intersecting  at  an  angle  6. 
A  i>oint  A  is  taken  on  OY  Huch  that  OA  =  «,  and  then  AB  is  dnvwn 
l>eriKiii«liciilar  to  OY  meeting  OX  in  B  ;  BC  is  drawn  jHiriKjn- 
dicular  to  OX  meeting  OY  in  C  and  CD  is  drawn  peri^eudicular 
to  OY  meeting  OX  in  D.    Prove  tliat 

CD-atand(l+tan«tf). 

20.  From  a  point  O  three  stmi^'lit  lines  OA,  OB,  OC  are 
drawn  in  the  samo  piano  of  lengths  I ,  n'si)et  tively  and  with 
the  angles  AOB,  BOG  each  equal  to  G0°.   Find  the  angle  ABC. 


LHAl'TKU  VJ. 


PROJECTION.    FORMULAE  FOR  COMPOUND  ANGLES. 
36.  Ihrojeotion. 

If  from  tho  extremities  of  a  lino  OP,  perpeudiculura  OM, 

PN  he  (lri)|>iu'il  to  aiiotluT  lino  AB,  then  MN  ia  Miidtobe 
tlio  i>rojt'ctiou  of  OP  oil  tho  Uno  AB. 


■■■< 

1 

I 

Fig.  49. 

Ltiiijth  of  projection. 

Let  the  angle  hetween  OP  atwi  AB  be  B. 

Tlien  from  tho  dia^Tam 


MN  =  OR  =  OPcosd, 

P 


Fig.  50. 


i.e.  tlie  loH^tli  uf  tlio  itrojectioii  of  a  line  OP  on  another 
line  etjuals  OP  x  cosine  of  angle  OP  makes  with  tho  lino  oii 
which  it  Is  projected. 

If  6-  90",  then  the  projection  of  OP 

-OP  cos  90' =  0. 
If  6    if  then  the  projection  of  OP 
-  OP  cos  0°  =  OP. 
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Ej-i-rrU,:  i  Tiik-,!  two  fixcl  iH.intM  P  and  Q  and  any 
Btmi),'lit  liiws  AB.  J.«'t  R  Ik;  any  dtlicr  i.nint.  IVojwt  PQ,  PR, 
RQon  AB.  Show  by  a  (li.igniiii  tliiit  1  y  a<loi,tiiig  iho  nigu  cou- 
veution  we  have,  for  all  ixwitiotw  of  R  : 

Projection  of  PR + Projection  of  RQ«  Piojection  of  Pa 

(ii)  Show  l.y  .1  diaL'nun  tli.,i  t|,..  M,ni  of  tho  projcctionH  on 
uny  striu;^ht  lims  of  the  sides,  taken  iu  onlcr,  of  any  closed 
l)oly;4on  is  zero. 

37.  Trigonometrical  ratios  of  oMnpound  angles. 

It  is  fiv-jiiciitly  UM.fiil  t.)  express  the  trigonometrical 
ratios  of  coiiii.oiiu.l  ai.-U-s  sufh  as  A  +  B,  or  A-  B,  in  terms 
ot"  the  ratio  of  A  and  B. 

The  iHJginner  is  apt  to  think  that  »\n  (A  +  B)  \n 
=  sin  A  +  sin  B, 

a  -tatoniciit  which  can  at  once  be  shfiwn  to  be  incorrect  by 
tho  help  of  tjvbles. 

For  install.  74"  =  40*  +  34° ; 

t>ut  Mn74°  - -OGIS, 

and        .-10  40° +  . sill 'U"    C  l"2.s  + -o.^k^    i  -_'(J20. 

hi  the  following  articlfs  we  shall  prove  that 

sin  (A  +  Bj  =  sin  A  cos  B  +  cos  Asin  B, 

cos  (A  +  B)  =  cos  A  cos  B  -  sin  A  sin  b 

sin  (A  -  B)  =  sin  A  c(»  B  -  cos  A  sin  B, 

cos  (A  -  B)  =  cos  A  cos  B  +  sin  A  sin  B 

Exercue. 

Which  is  the  greater,  co-  A  i  B)  or  cos  A? 

Why  is  the  statement  coa{A  +  B)-oo8  A+cos  B  obviously 

absurd?  ^ 
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38.    To  prove  cos  (a + b)  =  cos  a  cos  b — sin  A  sin  B. 

Let  XOQ  be  the  angle  A,  and  POQ  the  angle  B. 

In  the  Hue  OP  hoimdinjr  tlio  compound  anj^'le  A  +  B  take 
a  pomt  P  and  let  fall  a  purpeudicular  PQ,  on  OQL 


Fig.  51. 

Project  OQ,  OP  on  OX. 

Now  OM  =  ON  +  NM, 

i.e.  i)iojection  of  OQ^  projection  of  OP  +  prujectiou  of  PQ, 

or  OQ  cos  A  .  OP  cos  (A  ,  B)  +  PQ  cos  (;»0°  -  A) 

(liy  i)n>(luciiig  PQ  we  see  tliat  the  angle  PQ  makes  with  OX 
is  (90'  -  A)  siuee  OQP  is  a  riglii  angle), 

OQ  PQ 

o""  co8A  =  cos(A  +  B)  + -pSinA, 

i.e.  cos  (A  +  B)  =  cos  A  cos  B  -  sin  A  sin  B. 

Aote.    If  in  this  furnuila  \vc  write  -  B  for  B,  we  get 
cos  (A  -  B)  =  cos  A  cos     B)    sin  A  sin  (-  B) 
=  cos  A  cos  B  +  sin  A  sin  B, 
since      cos  (-  B)  =  cos  B  and  sin  (-  B)  =  -  sin  B. 
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39.  Toproyc8in(A-|.B)ss8inAco8B-foosA8inB. 

"VVitli  tlio  siiiK!  construction  as  before,  but  projecting  on 
OY  at  right  angles  to  OX, 

ON  =  OM  +  MN, 

y 


i.e.  ]ir..jrcti(»ii  of  OP  -projection  of  OQ  i  pnijcctimi  of  QP, 
OPco.s[;M>''  -(A  +  B;j     OQ<  us(lM)^  -  a; +QPC...S  A. 

Hy  l'nMlu.Mi,;r  QP  ^vc  scc  tli.if  tlic  ;iii-K!  QP  iiiakcs  with 
OY  IS  A,  .sill.-,'  it  is  the  .  nnijik.meitt.  of  QOY;  /.  we  have 

OP  .sill  (A  +  B)  =  OQ  .sin  A  +  QP  COS  A, 

or  .sinrAt-B)         sill  A  ^^(-.(.s  A 

OP  OP 

-  sin  A  CU.S  B  +  CO.S  A  sin  B. 

Note.    If  for  B  we  write  -  B,  wo  get 

sin  (A  -  B)  _  sin  a  cos  B  -  cos  A  sin  B. 


5—2 
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40.   Independent  proofs  that 

cos  (A  —  B)  =  cos  A  cos  B  +  sin  A  sin  B. 
sin  (A  —  B)  =  sin  A  cos  b  —  cos  A  sin  B. 

Let  OP  (les('riy»o  the  aiij^le  A  in  tlio  i)ositive  direction, 
mid  tlioii  tlie  aiii,'le  B  in  a  iiej,'utivc  diroctioii. 

As  iM'forc,  take  a  i»oiut  P  in  tlio  lino  OP  ]>ouiuliiif(  the 
coiiipuiiiid  aiiglo  A    B  ;iiid  druj)  a  perpeiidicidar  on  OGL 

Project  oil  OX  for  cos  (A  -  B),  on  OY  for  sin  (A  -  B), 
ON  :^OM  +  MN; 
j)rojo('tioii  of  OP    ]»rojo('tioii  of  OQ  t- jimjectiou  of  QP, 
OP  cos  (A  -  B)  =  OQ  cos  A  +  QP  uos  (90°  -  A), 
from  which 

cos  (A  -  B)  -  cos  A  cos  B  -I-  sin  A  sin  B. 
Takin;f  projections  on  OY,  \vc  have 
OM'-ON'+  N'M', 


O  M        St  X 

Fig.  63. 

i.e.  projection  of  OQ  ^  projection  of  OP  +  projection  of  PQ; 
.'.  OQ  cos  (90*-  A)  -  OP  cos  (90°- A -B)  +  PQcos  A; 
.*.  OQ8inA  =  OP8in(A-B)  +  PQco8A; 
whence      sin(A-B)  =  8inAco8  B-cc^AainB. 
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Note.    Wo  liavo  .soon  that  tlio  formula  for  oos(A-B) 
may  be  dediicod  from  that  Ibr  c'().s(A  f  B). 

If  we  write  (90  -  A)  for  A  iu  the  fonnuht  for  -m  (A  +  B), 

WQ  get 

cos  (W)  -  A  f  B)  -  c.  .s  (90  -  A)  c<i.s  B  -  sill  (91)-  A)  sin  B, 
i.e.  cos  [90- (A -B)] 

=  siu  (a  -  B)  =  sin  A  cos  B  -  cos  A  sin  B. 
Similarly  we  can  obtain  the  formula  for 
sin  (A  +  B). 

Example  (i). 

Prove       sin  (A + B)  sin  ( A  -  B) =Hin-^  A  -  siu«  B. 
sin  (A  +  B)  sin  (A  -  B) =(8in  A  cos  B +co8  A  sin  B) 

(sin  A  cos  B  -  cos  A  sin  B 

=  Hi  1 1^  A  ( ■(  IS-  B  -  <  •(  ).s'- A  .si  B 

=.siii-A (I  - siii^B) - (1  -sin^A) sin^B 

=Hin-A-Bin-B, 

E-Mhiple  (ii). 

Kxpaiul  ain(A  +  B  +  C,). 

Troutiiig  (B  +  C)  as  a  siiigln  anglii  wo  have 

Kin  [,'.  +  (B  +  C)]  =  sin  A  cos  ( B  +  C)  +  co,s  A  si ii  ( B  +  C) 
=sin  A(coM  BcosC-sin  B.siii  C) 

+C08  A  (sin  B  cos  C +COS  B  sin  C) 
=8in  A  cos  B  cos  C +8in  B  cos  A  cos  C 
+.sin  C  cos  A  ciw  B  -  sin  A  sin  B  sin  C. 

Example  (iii), 
Fir>d  the  value  of 

COS  :i  t  .  ..s  \-r  -  sin  34° sin  4:2°. 
I5y  otnparint;  with  tli.>  f'nrnmi.i  fnr  .•..siAfB)  wn  «<•(•  tii.it 
this  exi»reNsii)ii  .-.iii.ii.s  o.s,,;u  )- 4:i  )  =  c.ks  TG  = -241!)  (from  tite 
Tables). 
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Kvample  (iv). 

Tlio  following  fXiimplo  sliows  tijo  iwe  lUiule  of  I'rojoction 
in  Statical  prublems. 

A  weighted  rod  AB,  J  ft.  lon^',  i.s  su.siHJuded  by  a.sti  ing,  f;ustenc<l 
to  its  two  ends,  wlj  ic  h  p.i.s.sos  ( )\ cr  a  pulley  at  O  so  that  each  portion 
is  inclined  at  an  aniile  of  to  tln>  vertical.  Tlio  rod  makes  an 
angle  of  2(r  with  tlie  liori/.i.n.    Fii„i  the  leip'th  of  the  striii". 

Let  X  and  j  U;  tli(!  lengtli.s  of  tho  two  portion.s  of  the  stnng. 


.........  .L. 

t) 

Fig.  54. 


C 


Project  on  AC  the  horizontal  line  throimli  A. 
Proje<,-tion  of  AO  +  projctioii  <if  OB    proje,  ti,,ii  of  AB; 
.-.  .*  sin  :$rj-f// sill  .'C.      Iio,si0  ; 


■1  .-OS  -li  y 
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Examples.   VI  a. 

1.  If  coHa= 3,  and  co8/3=  jj,  calculate  the  values  of 
sino,  8in/9,  sin(a+/3),  co8(o+^),  sin(a-^),  coa(a-0), 

2.  If  .sitia  =  .^,  iiiiil  siii;:i  =  |,  calitil.ito  the  values  of  cosn, 
con  id,  :*in((i4-;S).  Verify  by  liiKling  the  angles  a,  3  by  tho  help 
of  the  tables. 

3.  If  COM  o  -2  and  cas  (i  =  -5,  find  cos  (a  -  ji)  and  verify  from 
the  tables. 

4.  Expiind  cos  (90°  -  A),  and  show  that  it  equals  sin  A. 
Ex()and  also  008(180"+ A),  and  sin  (90°+ A). 

O.    Find  the  valu&s  of 

(i)  sin  47°  cos  16° -cos  47°  sin  16°, 

(ii)  sin  52°  sin  27° -cos  52°  cos  27°. 

6.  P>y  writing  cos  75°  as  cos  (46°+30°)  and  ex^tanding,  pFOve 

cos75°  =  -^l>>^^ 
4 

7.  Prove  that  cos  15° = tVi  and  find  sin  15°. 

4 

5.  Tnivt!  tli.it  CI  IS     +  B;  cos  >  '  -  B  -  cos- A  --  Min-'B. 
'.).    Sliow  tiiat  ^'2siM(A+  t.'.")----,sinA  +  coHA. 

10.  Prove  that  ""^-"^-2=.tan  A+tanB. 

cos  A  cos  B 

11.  Show  that   co8A-8inA  =  ^2coH(A+ 1.")"). 

12.  Kind  the  values  of 

(i)  cos  1 8*  cos  36°  -  sin  18*  sin  3G% 

(ii)  sin  18°  cos  36' + coH  1 8°  sin  M". 

13.  Prove  that 

sin  ( A  +  B) +c<w  (A  -  B) = (sin  A + cos  A)  (sin  B + cos  B). 

14.  Factori.se  8in(A-B)+co«(A+B). 
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15.    Expand  ciw(A  +  B+c;. 

IC>.  If  6  ;ui<l  0  ;iro  l..,th  l.-ss  than  iNo",  and  ^ - 1, 
show  tliat  e  and  t/,  diflbr  Ipy  a  right  angle.  co**^c»>s«^ 

17.  A  .spbero  of  radius  r  rolls  down  an  inclined  pl.mo  whii-h 
makes  an  angle  a  with  the  horizon.  Prove  that  the  hei-ht  of  the 
centre  of  the  sphere  nhn  o  tlie  hori/ontil  piano  when  Uie  iwint 
of  contact  of  the  sphere  is  at  a  distance  I  from  the  foot  of  the 
inclined  piano  is  rcosa+^sinn. 

18.  OX,  OY  arc  two  strai-iit  lines  at  riglit  angles.  P  is  a 
point  4"  from  OX  and  3"  from  OY.  Through  O  a  straight  lino 
18  drawn  makit.g  nn  ,u,-le  with  OX.  Prove  hv  projc  tion  that 
the  length  of  the  i>erpendicular  Irom  P  on  this  line  is  4  cos5  -  Ssin^?. 

41.   To  prove 

tan(A+B)=  tanA  +  tane 
1  —  tan  A  tanB  " 

C0>  (A  t  B) 

_  sin  Acqs  B  +ros  A  .sin  b 
cos  A  COB  B  -  uin  A  sinB 
sin  A  cos  B    cos  A  sin  B 

^  cos  A  Ci  »S  B      con  A  CO.SB 

(•(ts  A  CDS  B     sin  A  ,sin  B 
( 'OS  A  (  US  B     cos  A  cos  B 
(dividing  nnniorator  and  denominat/jr  by  cos  AcosB) 
tan  A  f  t.in  B 
1  -  tan  A  tan  B  " 
Prove  in  a  .similar  way 

tm(A-B)=.i:"'^-^''"^ 
1  +  tan  A  Uu  B  • 
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^Miiil^aK.    wx  To. 

1.  Prove  that  tan ;      +A .= 

1  — tanA 

2.  Fmdthevahieof  '  "  20' 

L,iii  -20  tan  47  -t- 1 

3.  Prove  that  tan  7^>     li  +  ^S.  .nitl  Imd  tm  15'. 

4.  Expand  tan  (90°  +  A )  and  «h<>w  that  it  equals  -  wt  A. 
fi.    In  n  Mimilar  way  prove  that 

tan(180''+A)=tanA, 
and  tan  (180'- A)  = -tanA. 

6.  By  writing  cot  (A  +  B)  as         ^     and  ext>anding,  prove 

thatito.iual.^*'^^*^-! 

cotA+cutB 

7.  Express  cot  (A  -  B)  in  terius  of  cot  A  ami  cot  B. 

8.  tii ven  tan  a  =  1  an<l  tan  (a + /3) = 2,  find  tan  /3. 

f».    If  tan  A    \        t,ui  B  =  J,  show  that  A  +  B  =  45°,  8up{KMing 

A  and  B  to  he  acute  angles. 

10.  The  i)eri)endicular  from  the  vertex  of  a  triangUi  i.s  c." 
long  and  it  divides  the  base  into  segments  which  are  2"  and  3  ' 
respectively.   Find  the  tangent  of  the  vertM»I  imgie. 

11.  ABC  .in  i^.).sc(>](i.s  triangle,  right  angled  at  C,  .".nd  D  in 
the  niiddlo  iK)int  of  AC.  I'rovo  tli.it  DB  divid<v^  tho  ajigle  B  into 
two  parts  whose  cotangents  are  in  tiio  ratio  2  :  :]. 

12.  If  two  straight  lines  make  with  a  tiiii-d  .straiglii  Ini.i  OX 
angles  0  and  tV,  m.Msurod  from  tiio  .vmie  direction  OX,  such  that 
tan  tf=  wand  tand'^m',  prove  tliat  il.o  angle  between  U»e  two 
lines  is  tap  - 1 

i+mm'' 

1.1  Expand  tan(„4-,3  +  -y)  fii-^t  in  terms  of  tana  and 
t'-^i'  U^-i-y)  and  hence  in  tenns  of  tm  „,  tan /J,  tauy.  Uso  your 
result  to  show  that  (i)  ifa+ji+y    1m)  ,  then 

t  m  <i  +  Uui/3+tauy=tanatan^tany, 
ill)  if,,  +ii  +  y=uo\  then 

tan  fi  tan  y  +  tan  y  tan  .i  +  tan  a  Uui  /i  - 1. 
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14.  A  VLTticiil  iM)lo  nn  re  than  100  tt.  liigh  con«i«Ls  i.f  two 
parts,  the  lower  being  ^  of  the  whole.  At  u  iK)int  in  the 
horizontal  plane  thrungh  the  Joot  of  the  pole  and  40  ft.  from 
it,  tim  upprr  ]ia,  t  subtends  au  angle  whose  tangent  is  J.  Find 

the  iici;jlit  of  tlio  luth. 

42.    To  express  sin2A,  cos  2a  and  tan  2a  as 

functions  of  A. 

Wo  have 

sin  2A  •  .sin(A  +  A)    sin  A  cus  A  »  cos  A  sin  A  ; 

.•.  sin  2a  =  2  sin  A  cos  A  (i). 

Also 

cos  2A    cos  (A  +  A)  =  cos  A  cos  A  -  sin  A  sin  A ; 

.-.  COS  2a  =  cos«  A  -  sin«  A  (2). 

Writin;,'  1  -^■^ts^A  for  sin'-' A,  wo  ^a>t 

cos  2a  =  2  cos^  A  -  1  (3). 

Writing  1  -  sin'A  for  cos- A,  wo  ;;i't 

cos  2a  =  1  -  2  sin'A  (4). 

The  rosnlLs  (li)  ami  (4)  luiiy  l)o  writton 

1  +  cos2a  =  2cos2a  ...(-,), 

1  -  cos  2a  =  2  sin^  a  (6), 

.iinl  in  tliis  firm  .-ire  of  iniicli  iiiip(»rt;intrf!. 
l''ioni  i^o;  ami  ((i;  wo  liavo 

1  -  cos  2 A 

1  .       .»A  ~  tan' A. 
I  +  cos  2A 

Again, 

fcin2A-t,u.(A  +  A)=:  ^tunA  , 

1 -till  Atjin  A' 

.  .  2  tan  A 

••  '^'^'iZui^   (')• 

It  is  innv»rtn,nt  to  notice  that  the  above  formnlae  enable 
iis  to  .  \]iivs>  functions  of  an  angle  in  terms  of  the  fimctioua 
ot  half  tiiu  angle. 
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Thus  sin<)-  2,siu  ^cosf  • 

COS  0  =  c(>8'  -  -  8in'  - 

-1  -  2sin=^  ; 

2 

.siu  rfe*  -  2  81  n  —  COM  —  ; 

2        2  ' 

ox  ^ 

n    2  tan  - 
tel.  i  4 


2  §  • 

1  -  tail". 
4 

Niiti:    Tlie  expixshiou  1  -  cos  6  is  of  fm^tient  (x-curronco  in 
Nautical  computations  and  is  called  versine  6.    Half-versinn  is 
contracted  to  Havenjino  and  from  the  formula  cos^=l  -  Ssin^^, 
1      A    vcrs^     1-cos^     ,  .$ 

M  it  22 


Example  (i). 

IViivc  I  MS  A  = 


l-t^in^v 


We  have  cos  A  —  vm^  ^  -  sin'-'  ^ 

2  2 


1  -tau2~ 
2 

sec^- 
l+tan*^ 
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Exami)l«  (ii;. 

Prove  MtnSAa'SHiii  A-4Hm'A. 

Wo  hjive 

Riii3A-'Hin(2A  +  A) 

»Hin  2A  C(M  A  +  coh  2A  Hin  A 

=  2.siii Aco8*A  +  (l  -2Hin*A''8iuA 

=  2sin  A(l  -nin-A)4-(l  -28jn*A).HiiiA 

=  38111  A-4Hiii^  A. 

Prove  in  a  Himilar  way  that 
2  tan  - 

(1)  8inA  =  1-.;  (2)  c(«3A  =  4w>h3A-3co»A; 

(3)tan3A="'^^''"^-^"''^. 

1  -  ;}t;iii-A 


Examples.   VI  c, 

1.  If  Hin  a  =  } ,  calculate  con  a,  Hin  2a,  c«>8  2n. 

2.  Given  ctw  a = -4,  fint'  sin  2a,  cos  2a,  tjui  2.i. 

3.  Find  tlio  value  of  2  sin  25'  coh  25\  1-2  win"  2r> 

4.  Prove  that  (sin  Q  -  coh  fffi^  1  -  sin  26. 
T).  Finil  tan  2A  when  tan  A  =  -Ti. 

U.  Factorise  aw*  A  -  sin*  A  ami  i)r<ive  it  ecjual  to  com  2A. 

7.    1  f  «•■  IS  2u  -  ij ,  prove  ii\n  a  —  V  • 

6 

M.    If  l+co82a  =  :j'5,  fimlcosa. 
9.    If  1  -  COM  2«  =  I ,  find  8in  «. 
10.    G  i  veil  that  tan  u = J ,  prove  ci  w  2u  ^  J . 
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11.  Findthovaluo.soI  vA-*^*«^<i'ai.a  x/L±^*^. 

12.  Find  the  value  of  x/ — . 

13.  Find  K'^'''"       (1  =  J. 

14.  Find  tho  value  of  2 oun 2d +3 sin 2^  when  tand-|. 

16.  Prove  that  1  -  cos  a  cob  /3  -  sin  a  sin  /9-.  2  sin* "  ~  . 

1(5.  Find  the  {MMitivo  valueH  of  A  between  0*  and  360*  which 
Huticifjr  tlio  ('<|iiiiti(iMM 

(i)  i(>.t:2A  +  .siii-A=.^^  ;  (^ii;  tan2A  =  3trtnA. 

17.  Kxjirf.-s.s  cos  Ju  ill  torm.s  (if  i,i)s<i. 

18.  Find  tho  vuluu  of  aoo82d+ittin2<>  when  tan(?--. 

u 

19.  If  ct>t '    * prove  that  f  -90' - 6. 

.SIM  (p  2 

20.  Express  co!i^a-mi-fi  jw  half  tho  .sum  of  two  co,sinca 
and  hence  evaluate  cos* 63° -Bin* 47°. 

21.  If  taij^=^,  .simplify  tan  -le  +  ^^-ie. 

22.  If  cot»d-cotd=l,  prove  0012^=-^. 

AB  i.s  the  diameter  of  a  circle  of  radius  r,  whose  centre 
is  at  C.  P  is  a  point  on  the  i-ircumferenco  where  i.ECP  =  0. 
Provo  tliat  tlie  ) .r. .jot  tion  of  AP  un  tho  diameter  equal.s  2rcOB«|. 
Shew  tliat  this  le.siilt  i.s  true  whether  6  i.s  acute  or  obtuse. 

24.  A  iK)int  P  moves  round  the  circumference  of  a  wheel  of 
radius  r,  centre  O,  placed  in  a  vertical  plane.  If  A  is  tho  lowest 
l)08ition  of  P  show  that  the  vertical  height  of  P  above  A  at  any 
timei8  2rsin«|where  z.AOP-d. 

25.  Two  radii  OP,  OQ  of  a  circle  of  radius  r  are  inclined  at 
an  angle  6.   The  perpendicular  from  O  on  PQ  cuts  the  chord  at 

A  and  the  arc  at  B.  Prove  AB  «  2r  sin*  - . 

4 
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43.  The  foniiulae  of  Article  37  are  useful  for  obtaining 
solutions  of  eciuations  of  the  form 

asin^  +  bcosi&  =  c. 

Exninplii. 

Find  a  soUit  ion  of  the  eciuatiou  3  win  ^;  -  :!  cos  ^  =  2. 
Lot  a  be  an  acute  angle  such  that  tauu  =  5  ;  then 

The  equation  can  now  bo  written 

•J\^  (sin  e  cos  a  -  cos  6  sin  ii)    2  ; 

whence  8in((9-u)=-^ 

Y 13 

25/13 
13 

_  2  X  3-606 
13 

=  -5548 

=  sin  33°  42'. 

Also  a=tan->§  =  tan-»  •6667=33°  41'; 

.•.  a  solution  of  the  equation  is  given  by 

^-3.3°  41' =  33°  42'; 
whence  ^=67°  23'. 

The  aiii^le  a  wliidi  lias  l.^on  intro<liico(l  in  the  work  is  called 
.1  subsidiary  angle.  Other  occiwions  when  a  subsidiary  angle 
is  of  use  will  be  fouud  in  Articles  56,  57. 

Beginners  sometimes  solve  equations  of  the  form 

acos^+6sin^=c 

by  substituting  Vl-sin^d  for  cos^  and  squaring:  hut  this 
moth()d  is  not  satisfactory,  as  in  consetjuence  of  siinaring  we 
obtain  some  values  of  6  which  are  not  roots  of  tho  given 
equation. 
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Examples.    VI  d. 

1.  Sliowth;it3siii^+  lc()s^  =  .-)siiir^  +  „;,  wlu-ro  „  tan  " '  ; 
and  hence  prove  that  tho  gicatc^st  vahio  of  .'i  .sin  ^  +  4  cos  ^,  whoa 
e  may  have  any  value,  is  5.  What  is  the  value  of  ^  in  this  case  ? 

2.  Find  a  solution  of  3  sin  ^+4  cos  6=2. 

3.  Find  a  value  of  :v  which  satisfies  cos  j;+8inar=  5. 

4.  Find  a  solution  of  4  cos  .r  -  3  sin  a:  ==  3. 

5.  If  ^  =tan  6,  i)rove  that 

jo  cos  a  -  g  sin  a  =       +  'j-  s\n  {d  -  «), 
and  find  the  greatest  value  of  />  cos  a  -  y  sin  a  if  o  varies. 

44.    We  liave  jmivefl 

(i)  sin  A  OS  B  +  cos  A  sin  B    sin  (A  -(  B), 

(ii)  sin  A  cos  B  -  cos  A  sin  B    sin  (A  ^  B), 

(iii)  cos  A  cos  B  -  sin  A  sin  B    (-os  (A  +  B), 

(iv)  cos  A  cos  B  f  sin  A  sin  B  ^-  cos  (A  -  B). 
A(ldin<f  (i)  and  (ii),  wo  j,'et 

(")    2  sin  A  cos  B    sin  (A  +  B)  +  sin  (A  B) 

--=  sill  (sum)  +  ,siu  (differeucc). 
Snbtractinj^-  (i;  and  (ii) 

{(i)   2  cos  A  sin  B  =  sin  (A  i  B;  -  sin  (A  -  B) 

-  sin  (sum)  -  sin  (ditFerence). 
Adding  (iii)  and  {w) 

(y)    2  cos  A  c(js  B     c(  »s  (A  +  B)  +  c.  )S  (A  B) 

-  cos  (sum)  +  COS  (ditlereuce). 
Subtractiiiir  (ijj)  fVoni  Civ) 

{since  (A  +  B)  >  (A  -  B)  ;    Z.  n)S  (A  +  B)  <  cos  (A  -  B)}. 
(8)    2  sin  A  sin  B  =  cos  (A  -  B)  -  cos  ( A  +.  e^! 

=  cos  (difierence)  -  cos  (sum). 
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These  formulae  enable  us  to  express  i)r(j(lucts  of  sines 
and  ccsines  as  sums  or  differences,  and  should  be  learnt  in 
the  A'orhul  form. 

It  will  he  notic-«(l  tliat  in  hotli  (a)  and  (/3)  we  have  the 
product  of  a  sine  and  a  cosine;  hut  either  formula  gives 
the  same  result,  as  will  be  seen  from  thefoUoAving  example. 

Exatnjile  (i). 

2Hin5^cos 20 -  mi  (suni)+.sin  (difference) 

=ain(5^+25)+sia  (58-2$) 

=8in  7^+siu3d. 

If  liowever  we  apply  forniula  O)  which  also  gives  the  product 
of  a  sine:  and  a  cosine,  we  have 

2cos2^Bin 65=.sin  (suuj)-8in  (difference) 
=sin  (2^+5^)  -  sin  (20  -  56) 
=  8iu75-sin(-.3d) 
riisinTtf+sinS^', 
for  Hin  ( -  35)  =  -  sin  Bd. 

Example  (ii). 

cos  25  COS  bd=\  [cos  (siuii) +COS  (difference)] 

=  i  [fo.s  (2^+5^?)+coa  {26  -  55)] 

=i[co,s75+cos(  -  .35)] 

_  cos  75+ cos  35 
2  ' 

since  cos  ( -  35)  =  cos  35. 

Example  (iii). 

2  sin  65  sin  25= cos  (difference)  -  cos  (sum) 
= cos  (.55  -  25)  -  cos  (.55 + 25) 
=co8  35-cos75. 
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Examples.   VI  e. 

Express  aa  tlio  sum  or  difference  of  two  Trigi)nometrical 
ratios :  verify  approximately  the  nunjerical  examples  by  help 
of  the  tiihles. 

1.  2  sin  3(9  cos  ^.         ±  2coh3(9lo.4  3.  sin  3^  sin  ^. 

4.  2  cos  3d  sin  5.  shiAcos2A.  6.  sin  A  cos  B. 

7.  CO8  2A0O8  2B,        8,  sinSdsind.  9.  2  sin  20°  cos  70". 

10.  2  cos  40°  cos  30°.    11.  2  sin  10°  sin  20°.    12.  cos  60°  cos  30'. 
13.  2  sin  (A +  B)  cos  (A -B).        14.  2co8(A+2B)co8(2A+B). 
A  A 

15.  2  cos  2  sin  ^.  16.  sin  3a  sin  o. 

45.  The  formulae  of  Article  14  give  us  sums  and 
differences  expres.sed  as  products,  but  it  is  more  conveuieut 
to  put  the  fonnulae  in  a  diflferent  form,  as  follows. 

"Writing  X  for  (A  +  B),  and  Y  for  (A  -  B),  we  have 

A  +  B=rX, 

A-B  =  Y; 
.-.  2A  =  X  +  Y,  or  A  =  ^^^; 

and  2B    X  -  Y,  or  B  = 

2  ■ 

Substituting  in  (a),  (^),  (y),  (S),  of  Article  44,  we  get 

from  (a)      8inX+8inY  =  2  8in^^co9^^. 

2  2  ' 

i.e.  sum  of  Bines=2  sin  (half  sum)  cos  (half  diflFerence); 

from  (/?)     sin  X    sin  V    2  c.s         sin  ^^-^ 

2  2  ' 

I.e.  diflFerence  of  sines  ^-  2  cos  (half  sum)  sin  Chalf 
difference);  ^ 

from  (y)      cos  x  ^  ccs  Y  -  2  cos  ^      a  .s 

2  2' 

sumofco3ines  =  2  cos  (half  sum)  cos  (half  difference): 

fr  >in  ccm  Y  -  cos  X  -  2  ein  ~  sin  ^~ , 

difference  of  cosines  ss  2  sin  (half  sum)  lin  (half  dMbr- 

ence  reversed). 

p.  K. 
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Example  (i). 

Express  as  a  product  .sin  .3(9  +  .siii 

sin  35+Hin  2^=2  sin  (half  sinn)  cos  (half  difference) 

=  2  8in  y  cos  - . 

£xample  (ii). 

COS  3<?  -  cos  6d = 2  sin  (half  sum)  sin  (half  difference  reversed) 

=  2sin  — -  —  si>i  — ^ — 
2  2 

=  2. sin  4(9  sin  6. 

Example  (iii). 
Prove  that 

sin  a  -  sin  2a  +  sin  3a  =4  sin  "  cos  a  c<  )s 

2  2  ' 

sin  rt  -  .sin  2u  +  sin  3a  =  .sin  «  +  sin  ,in  -  sin  2a 

=  2  sin  2a  cos  a  -  .  sin  a  cos  a 

—  2  cos  a  (sin  2a  -  sin  a) 

=  2  cos  a  2  cos     sin  - 
2  2 

J  •   1  3a 

=4snj  -cos(icos  — . 
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Examples.  VI  f. 

Express  as  products : 
1.  8in3A+r:nA.    2.  sinSA-sinA.     3.  cos3A+cosA. 
4.  cosA-cosSA.    5.  8in2(9-sin5.      6.  cos35-co82ft 
7.  sinB+sinA.      8.  cos2a+co82/3.    9.  cos  2a  -  cos  2/3. 

10.  siuBS'+sinH*.  11.  cos 32" -cos 41°. 

12.  sin4r+co8l2°.  13.  cos  18° +008  43". 

14.    Prove  that 

sin^  +  si,,,/,         ^  +  0 

cos5+co8^  '^n-g—tan-^. 


FORtlULAK  FOR  COMPOUND  ANGLES 

10.    Trove   Z.-"i__  sbiiifiq"" 

17.  Prove  _,„t  70. 

cos  10° +008  26°"  • 

18.  If 

J?  (sin  ^  -  sin  0)  +y  (coH  -  c„s  ^)  +  c.  .s  ^  sill  c/,  -  .sin  cos  0 
show  that       :p cos  ^  +y  sin  ^  =co8  ^ . 

19.  Prove       3a  sin  2a -  co.s  4a  sin  a  =  cos  2a  «in  a. 

20.  If  J?  cos  a  +y  .sin  a  -  c  =  0, 

*cos^+y  ain/3-6'  =  0, 

.  a+S 

prove  that       r—   *_ 

COS-—  ooa-^ 

21.  In  any  triangle  prove  that 

A  -  B 
,  ,     cos  — - — 
a+b  2 


A  +  B 

cos 


2 

22.  If  .rcos/S+y  cosa=7)  a"d  ^sin sin  a=0, 

prove  a  =  _/4'iL«.  ^nd  v=  ^'''"-^ 

8m(a+^)      ''3'  8iu(a+/3)- 

23.  If 

costf=/^''""-«   


24.    From  the  equations 

Ti  cos  d+Ta  cos  ^  --=  100, 
T,8ind-T2  8in^=0, 
show  that      T,  =  and  T  -  ^ 

26.    P^ve  •':^^'*";  +  ^"«l-^'=tanll6-  cotl4• 
cos40''-co8l2''  °  .cot  14. 
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Miscellaneous  Examples.  D. 

1.  Two  straight  lines  make  with  another  lino  angles, 
measured  in  tlio  same  diivction,  wlio.sc  t.ui-ents  are  in  iiuA  ,n'. 
If  these  two  lines  arc  at  rigiit  angles,  prove  l+w»»i'=0.  What 
is  the  relation  between  m  and  m'  if  the  lines  are  jNirallel  ? 

2.  If  fi,  /3  are  the  angles  which  satisfy  the  equation 
4  tail-'  e  -  :i  tan 6-2=0,  find  the  value  of  tan  a  +  ten  /3,  ten  a  ten  A 

till  (a  +  /i  1. 

3.  AB  is  a  diameter  of  a  circle  of  radius  r)  f)  ft.    At  A 

AC  is  drawn  meeting  the  circle  at  C  and  the  t,ingont  at  L  .u  D. 
If  BAG  -  i.V,  lind  the  length  of  CD.  Also  if  O  be  the  centre 
anil  OD  cuts  tlie  circumference  in  E,  find  the  length  of  DE. 

4.  Til.  iiiaiiiiua.st  of  a  sliip  is  !:>  feet  Ioniser  tliaii  the  mizzen 
and  both  sloi>e  towai  ,  tlx;  .stciu  at  an  angle  of  lU'  to  the 
vertical.  The  line  joining  their  tops  is  inclined  at  4U'  to  the 
horizon.   Find  tiio  horizontal  distance  between  the  masts. 

5-    If  ^      '/>  +    !Hin  r/>  =  1  and  ^  t^in    -  ^  cos  (/>  =  -  1, 

'II- 

prove  _j.^_2 

6.  The  angles  a  and  ^  are  acute,  .sinfi  =  |  and  8in/3=A. 
Calculate  the  value  of  sin((i+^)  and  of 

Construct  a  A  ABC  in  which  AD  the  iiori>eudicular  from 
A  on  BO  is  Gems,  lout:  and  the  angles  DAB,  DAC  an;  the  an-les 
a,  fi.  M&isure  the  angle  BAG  and  compai-e  it  with  the  value 
already  found  for  a+^. 

7.  Solve  a2=62+c2-2ftccos A  as  a  quadratic  equation  in 
whicli  is  the  niikiunvn  qiiantity.  And  hence,  or  otherwise, 
calculate  the  positive  value  of  h  when  a=llcms.,  c=Ucms., 
A=40\    Check  your  result  by  an  accurate  drawing. 

8.  A  hemispherical  bowl,  centre  C,  radius  r,  r(>sts  with  its 
lowest  point  O  (,t.  a  hori/untal  plane.  It  is  tilted  until  the  lino 
CO  makes  an  angle  6  with  the  vertical.    Prove  that  the  height 

of  O  above  the  plane  is  now  ii/-sin-'-. 
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9.  A  ladder  30  ft.  lor.g  just  reaches  tho  top  of  a  hou.se  and 
makes  an  angle  of  C7°  with  the  ground.    It  is  1.^  down  until  it 
rests  on  a  8ill  and  then  makes  an  anL;lo  of  48^  uith  tho  <M-..und 
How  far  is  the  sill  vertiutlly  U-low  tho  point  where  the^'ludder 
first  rested  ? 

10.  Tho  angles  which  satisfy  tin;  equation 

tan-'^-3  tin  ^  -  1=0 
arc  n  and  ^.    Prove  that  the  difference  Instween  a  ai.,1  li  in  'M  . 

11.  Sulvo  tlio  equations 

xsin  cos,-^ 1, 
.vcos  (i+_?/sin  (1^0. 

U.  Tho  sides  of  a  parallelogram  are  „,  and  the  an-I,. 
hetween  them  ,s  0.  Prove  that  (1)  the  suui  of  the  squares  on 
the  .ha.^onals  ,s  L>  ,V-' +  //-') ;  (2)  the  difference  of  the  squares 
on  the  diagonals  is  4«/>'ios^. 

13.  Tlitvo  linos  OA,  OB,  OC  of  length  r„  are  drawn 
making  angles  0,,  0,  with  tho  horizontal  th'rough  O,  prove 
that  tho  area  of  tiio  triangle  ABC  is  ,  i  » 

i [r,r^  sin  .'^  ~     f  ran  sin     -  0,)  + r,,  sin  {0,  -6,)]. 

14.  ABC  ^  gle,  B  =  !>0',  BA  =  2,  BC  =  3,  CD  ;s  the 
median  joining  c      t'.o  mid-point  of  AB.    Prove  that 

^  ACD=tan-»^. 

•  ^  w  J'?  ""^  ^     ■''P^'^        the  back  si.rht  i.s 

raised  fU  ,t  is  2"  above  the  front  sight  when  tho  barrel  of  the 
gun  IS  pointing  horizontilly.  I  raise  tho  gun  till  the  line  of 
•sights  points  directly  towards  the  top  of  a  tower  100  ft  hi-^h 
ami  noo  yanls  distant.  Find  the  tangent  of  the  angle  of 
ekn.ttion  at  which  the  barrel  points  and  hence  calculate  the 


CHAPTEli  VII. 


LOGARITHMS. 


46.  Definition. 

The  Ithjarithm  of  a  number  txj  a  ^iveu  bu.so  is  tlio  index 
of  the  power  to  wliich  the  base  must  be  raised  in  order  to 
equal  the  number. 

Thus  if  a-  =  ^,  tlien  y  is  the  logarithm  of  x  U)  the  base  e. 
This  is  written 


Example. 
Find 
Let 
then 


l<)g3v/:27. 
=  3«; 

For  i)rju;tical  purposes  tlio  base  to  which  logarithms  are 
calculated  is  10 ;  such  logaritlnns  are  called  common 
logaritiiins,  and  we  hliail  couiiae  ourselves  to  tliem. 

Thus  log  17  denotes  the  logarithm  of  17  to  the  uase  10. 
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47.    Ill  tlio  iirst  i)liico  wo  luiist  prove  certiiin  fuiida 
mental  laws  of  logarithms,  on  which  the  utility  of  lugaritluns 
depeiuls. 


I. 

Let 
Then 


log  ab  =  loga  +  logb. 

hiiTu^^j;  and  Jog6=y. 
(t  -  iif,  and    - 10"; 

by  definition        log  ah  =  a*  +  v 

=  logrt  +  lugi. 


II. 

We  have 


III. 

We  have 


Examples. 


log  1^  =  log  a  -  log  b. 

b     10"  ' 
•  1  « 

^  log  a- log 

log  a*  =  n  log  a. 

a"-(loO"=  10*»; 
.'.  logrt"  = 

- 11  log«. 


l<>g(35  x4-7)  =  l<>g35+log4-7, 
Hf|?=log213-log421, 
logv^57=log57*=*log67, 

°    53  ~  =  1'  »ii  3-1  +  i  1'  'g  2!)  - 1<  ,g  53. 
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48.  An  iiisiHcfioii  of  the  following  table  will  enable  us 
to  formulate  riil...s  f..r  Miitiii;,'  down  at  sight  the  integral 
part  of  the  lo'raritliiii  df  a  number. 

10*  -  1(),0()0,  lo;rl(),((()()  4; 

io»  =i,(m,  loK  1,000  .  3- 

I0»  =100,  .-.  log  100     -  2', 

W  =10,  .-.  log  10  =1; 

1.  .-.  In^'l  =0; 

.V,       -1,  Mo..-] 
lO-'=  -01,      .-.  log -01  -.-2; 

10"' =  i  ffVff  -  001,    .-.  log  -001     -  -  3. 
It  will  be  noticed  tliat  the  only  numbers  whoso  logiirithms 
are^  whole  numbers  are  those  which  are  integral  i)owers 

The  logarithms  of  ninnl.ors  wlii.-li  lie  lu>t\vocn  these 
various  powers  of  10  will  be  partly  irit(>gral  and  partly 
decimal :  thus,  since  126*4  lies  between  100  and  1000  its 
logarithm  will  lie  between  2  and  3, 

i.e.   log  126-4  =  2 +  a  decimal. 

The  integral  part  of  the  logarithm  is  called  the  charac- 
teristic. 

The  decimal  part  is  called  the  rmmfissa,  and  it  is  always 
arranged  that  the  mantissa  is  positive.  The  mantissa  is 
obtained  from  Tables,  will  shortly  be  explained,  and  the 
charactenstic  is  found  as  follows. 

All  numbers  with  o,.]y  one  digit  in  the  integral  part 
liave  0  as  the  characteristic  of  their  logaritliui;  hence  the 
characteristic  for  any  number  is  the  iiidex  of  the  power  of 
ten  by  which  the  number  must  be  divided  in  order  that  it 
may  have  one  digit  in  the  integral  part,  thus: 
26i-3  =  2-()13  X  W; 
•'.  log  261-3  ~  loir  2-613  +  log  10" 
0-1171  i  2 

(the  mantissa  being  taken  from  the  fcibles) 
=  2-4171. 
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Again  •00261.'3    2  ».;i3  x  lo  »; 

/.  log  -002613  =  log  2-613  +  log  lO"' 
=  0  1171-3 
=  3-4171. 

Tho  iic;,'ative  sign  is  written  over  thc3sin»'o  tho  charao- 
t<'risti(-  (.Illy  is  n(•^^niv(^  tlu;  niantiss,!  iviiiiiiiiiii-  iMis'tive. 
We  write  the  loj,'arithjii  in  this  form,  ami  not  '2-.>s->U, 
since  by  this  device  the  mantis.-.  M  ill  remain  unaltered  fur 
all  numbers  having  the  same  significant  figures. 

VarionH  other  mnemonics  are  often  given  for  writing 
down  characteristics,  and  are  here  8t<ite<l  for  the  benefit  of 
those  who  ])refer  to  use  them. 

1.  The  cliuracteristic  of  the  lo^r.irithni  of  a  niinihcr 
which  is  greater  than  one  is  o/ie  less  than  the  number  of 
digits  before  the  decimal  point. 

'Hie  cliaracteristic  of  the  logarithm  of  a  number  less 

tliaii  one  is  ne^jative,  and  is  one  more  tlian  tlie  number  of 
zeros  that  follow  the  decimal  ].oiiit  or  is  the  same  as  tlie 
number  of  the  place  in  -vhich  the  first  significant  figure 
occurs.  ° 

2.  Begin  at  the  first  significant  figure  and  count  the 
digits  to  the  unit  fi^^nre  (not  inclu<h"n,ir  the  unit  figure), 
tliis  nde  applying  whether  the  number  is  groat  -  or  lest 
than  one. 

Given  log293:j=.3-4(;7:}, 
we  have  log  29-33  =  1 -4673 ; 

f<ir  tho  charactoristio     1,  since  thcio  are  2  digits  in  the  integral 
part,  and  the  mantissa  remains  unaltered. 
Similarly  log  -00293.3  =  .3-4073. 

Again,  we  have  -4673= log  2-933;  for  there  can  only  bo  one 
digit  m  the  integral  part,  since  the  characteristic  is  aero,  and 
•4G73  18  tho  mantissa  corresponding  to  the  digits  2933. 

Similarly  2-4673 = log  -02933. 
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Examples.  Vn  a. 

1.  Write  down  the  characteristics  of  the  logarithms  of  the 
following  numbtrs. 

12-8,  161-4,  -3279,  •)G1,  1538, 

2*749,        -0006,  13864,         -002,  -87. 

2.  Given  tliat  log  4023    3-00 15,  m-ite  dou-ji 

log  4-023,    log  402-3,    l..g-4U23,    l<.g  •004023,  lug  40230. 

3.  Given  that  log  2174  =  3-3373,  lorite  doicn  the  numbore 
whose  logarithms  are 

1-3373,    2-3373,     3373,    4-3373,    33373,    2-3373,  T-337a 

4.  ( Jiven  log  2  =  -3010  and  log  3=-4771,  find  the  logarithms 
of:  4,  5,  6,  8,  9,  12,  15,  Ifi,  18,  20. 

Also  since  approximately  7<  =  2400,  112=120,  192=360,  find 
roughly  log  7,  log  11,  log  14,  log  19. 

Taking  difference  of  logs  proiwrtioiial  to  small  difference 
m  the  numbers,  find  log  13  since  log  130  lies  between  log  128 
and  log  132. 

Now  since  17x  10=169  (approximately),  find  log  17. 

49.  To  obtain  the  lo^'uritlnu  of  any  number  we  write 
down  the  characteristic  by  rule,  and  obtain  the  mantissa 
from  the  tii'  les  as  follows. 

For  purjwses  of  explanation  we  give  tlie  following  extract 
from  Bottomley's  Four  Tigure  Tables: 


Logarithms. 


0 

1 

2 

O 

4 

5 

0 

7 

8 

0 

123 

456 

789 

57 

7569 

7566 

7571 

7582 

7589 

7597 

7(;i)i 

7612 

7619 

7627 

12  2 

3  4  6 

8  6  7 

Prom  this  portion  of  a  page  we  read  tliat  the  mantissa 
corrospondiii-  to  574  is  -7589  (note  that  the  decimal  point 
is  not  printed  in  the  tables),  and  so  we  have 

log  574  =2-7589, 

log  57400  =  4  7589, 

log -0574  =2-7589. 
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If  we  require  the  mantissa  corresponding  to  4  digits,  we 
must  add  on  the  difference  obtained  from  the  right  hand  of 

the  page. 

Thus  mantissa  fur    574  is  '7589, 
diff.  for       ()  is  5; 
mantissa  fur  o7  IG  is  '7')[)  l. 
Aftera  httle  practice  the  student  .vill  have  no  ditficulty 
in  adding  the  difference  mentally. 

50.  Tlie  reverse  operation,  to  find  the  digits  corre- 
sponding to  a  given  mantissa,  can  be  easily  performed  with 
the  same  tables;  but  more  quickly  with  tables  of  anti- 
logarithms,  as  shown  below, 


ANTILuaAlUTlIMS. 


1  ° 

1 

3 

4 

5 

6 

7 

8 

0 

1  23 

456 

789 

■75 

S6C2 

6075 

SC89 

57U2 

5715 

5728 

57« 

1  3  4 

6  7  8 

U1012 

Kvample. 

Find  X,  being  given    log.t- =27r)94. 

From  the  extract  of  the  tables  given  a1x)ve,  we  have 

•759  is  tlie  mantissa  for  5741 

4  is  the  difference  for      5 ; 

.  ••  "7694  i»  the  mantissa  for  6746. 

Since  the  characteristic  is  2,  we  must  have  3  digits  in  the 
integral  part 

.•.  a?=574G. 

Examples.   VII  b. 

1.  Write  down  the  logarithms  of 

473,   4-735,    -2864,   456000,   87*67,  -003724. 

2.  Write  down  the  numbers  whose  logarithms  are 

•4726,    3-7458,    1-8642,    4-2175,  3-6847. 
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51.   Examples  to  illustrate  the  use  of  logarithms. 

Example  (i). 
Find  the  value  of 

3  562  X  QCSTO 
(•7843)'-*  • 

If  we  denote  the  fraction  hy  x,  wo  have 

log^=log 3-562  + log  ■OfJ875-21og  7843, 
log  3-562=  -5516, 
log -06875  =  2-8373 

1-3889  (by  addition), 
2 log  -7843  =  2  X  1-8!)  15  =  r-7S!H » (si„c,.  -2+1  •7890=  1-7890), 
log.r=l-r)!>!*!>(l.y  sulitnirfi,,,,); 

.-.  x^  ■•^9'^(<>)  (from  antilogarithin  titUas). 
in  ^u!mnf  ^  ^"'^  subtraction  arrange  logarithmH 

the  fourth  figure  gives  an  appruxuuation  to  the  oonect  value 
which  IS  -SgSl  to  four  significant  figures. 

Example  (ii). 

Evaluate  ^'-()27f) 
.f=^y-0276, 
*hen  log.r=i|  log -0276 

=  J  of  2-44f)9 

=  i  of  (-3  +  1 -4409)  (.see  note) 
=  -  1  +  -4803 
=  1-4803; 
.-.  ,r=  -3022. 

iTo^e^^  Sincethenegativecharacteristicisnotoxaotlvdivisiblo 
b>  the  cvisor  3,  it  is  mcreased  until  it  is  a  multiple  of  the 
divisor,  proiwr  correction  being  made. 
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Example  (iii). 

Find  the  reciprocal  of  275-4. 

Let  .r=   ^  =('2'l'yXyi 

Then    log  .r=  -  lo<r  27r)-4 

=  -2-4399  (botli  iiiteyml  ami  decimal  pirt  being 
negative) 

=.  -  3  + 1  - -4399=  -  3  +  ( 1  - -4399; 
=3-5601  (making  the  mantifwa  pasitive); 
.••  -003632. 

Example  (iv). 

^l^e  .*>75x(l-03)«=847. 

We  have,  by  taking  logarithms  of  both  sides, 


log575+a;log  1-O3=log847 ; 

.  ^.^log847-log575 
logl<)3 
-1G82 


•0128 
=  13-(1). 


2-9279 

2^7597 
•1682 

128)1682(13 
402 
18 


Note  We  cannot  obtain  .v  a  greater  degree  of  accuracy 
without  usmg  tables  which  give  more  than  4  figures. 

The  above  equation  gives  the  number  of  yearn  in  which 
£0/0  would  amount  to  £847  at  30/„  compound  interest. 
For  the  interest  on  £1  for  1  year=£-03; 
•  ■•  ill  ]  your  fl  amounts  to  ,£'1-0.3. 

During  the  second  ye.ir  ca<.h  £1  in  this  amounts  to  £1-03; 
.-.  £1-03  amounts  to        x  £1-03 =£(1-03)2,  and  so  on. 

£5i5xaT3)^:  """""^  ^"^  ^ 
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52.    Change  of  base. 

If  tlie  logarithms  of  luimbers  to  any  base  are  known  it 
is  easy  to  obtain  the  logarithms  to  any  other  base. 

SuppcAse  logarithms  to  any  base  a  are  known  and  we 
wisli  to  obtain  the  logarithm  of  any  number  n  to  the 
base  0. 

I^t  log^M  =  X, 

then  »  =  i*; 

•'•  log„»  =  log„6'' 


Hence  to  transform  logaritlnus  calculated  to  base  a  to 
logarithms  calculated  to  base  b,  we  only  have  to  multiply 

This  multiplier  is  commonly  called  the  modulus. 
Examples.   VH  c. 

Evaluate  to  throe  significant  figures.  StJite  the  fourth 
significant  figure  obtained  although  it  cannot  be  relied  upon 
as  correct. 

1.    23-61  X  -0324  X  1-384. 

2     ^^'^^  ,  •0.'?f!2 

^     -0264  X  123-6  X  18-41  21-63  xVlMs 

•00326x106-4     '  ^'  agi^  * 

1  „  1 


23-68"  •    -0036  X  2-173  ■ 

1-274  x  -0623  X -001 


6. 

g   

2-718  X -000526  " 

9.    4^2174.             10.  (31-76)1  11.  4^-5742: 

12.   -1     .          13.  /-^^l  14  L'2n^^! 

V6^  V  ''78  287  ' 

15.    483  X  (-04172)*  16.    -^^U176.         17.  ^ 


1624 
■0416* 


la    (-00268)' X  (-0246)* 


v''-012f>xv'3r-15 


•00081 
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19.  (-01001)*. 

20.  Find  the  number  of  digits  in  91^ 

21.  Find  the  number  of  ciphers  before  the  first  significart 

digit  in  (,••', )'« 

22.  Ol.tjiin  tlic  sqnuro  root  of 
2:3.  Solve 

24    Find  approximately  tl»e  amount  of  £317  in  10  years 
e'-  37o  comjwund  interest.  ' 

25.  If  the  poi.uktion  of  a  town  incroiuses  at  the  rate  of  40/,. 
each  year,  m  how  many  years  will  the  populati.m  be  (^-,bled  ? 

26.  Find  the  mean  proportional  between  1476  and  35-82. 

27.  Calculate  the  surface  and  volume  of  a  sphere  of  radiu.s 
('  =  3  1427^"  '  ^^^'^^^^  " 

28.  P:valuate    s^M-Ur,  x  ]  4-;J5  x  1 1  -05  x  3-25. 

29.  Find  the  product  of  4-177,  0-04177,  0-0004177.  4177000 
and  find  the  square  root  of  (0-0734G)'.  «a<^wu, 

30.  Knowing  the  numW  of  pound.s  in  a  cubic  inch  of  a 
substance  you  can  Ih.d  the  nuiub..  of  kHograms  in  cubic  cm 
by  multiplying  by  0  4536  x  (2-54) -3    Express  this  multiplier 
as  a  decimal  to  3  places.  mu.wpuer 

If  steel  weighs  488  lbs.  i^r  cubic  foot,  how  many  ki'ogmns 
I^er  cubic  centimetre  does  it  weigh? 

31.  Without  using  the  tables  find  the  characteristics  of 

(1)    log:  15914,       (2)   logg  000187. 

32.  Oii)taiu  the  value  of 

327-4  X  s^Oum 

33.  Calculate,  as  accurately  as  your  tables  permit,  the  vahie 
of  the  fraction 

1234x^2345)2x  (345-1)3 
*I^45a2x-v'vi23~  ' 

34.  Solve  33»-i=2*«+i. 

3a.    Find  the  values  of  log,,  432,  logj„  -2164. 
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36.  The  time  of  (.snllati,,,,  „f  a  i,en.lulum  in  sees,  is  given  by 

find  thi.s  if        n  --^ :i  U-2,  1  -  1 2(;-2  cms., 

37.  Tlie  mluction  factor  of  a  galvanometer  is  given  by 


find  k  when    ,r  =  .3-M2,  r  - \Vy2  ciii.-,.,  H  -  -18,  n  =  b. 

fornmk  ^""^        """'"^^  *«"^l>-''--ture  of  a  gaa  given  by  the 

the  fon^'^"^       ^^^"^^^      ^"'""^  I-  -  fi-m 

V=^^,  when  y  =  l-40,  ^;=-^7G  x  13-6  x  981,  ^  =  -0oi2y3. 

4a    Find  the  temi.eratu,-e  of  a  ga.s  expanding  adiaUatically 
aocoidmg  to  the  formula  T  =  273x2r-i,  ihere  ^=1-40^  ^ 
41.    Fmd  the  wave-length  of  sodium  light  from  tlie  formula 
X  =  -,  if  a=-2375cm.,  .r--089cms.,  D  =  358cm.s. 

SL^^i^'"''^'^''  '-"^  a  ^vire,  given 

""~7^aT^'  '"'^^'■^  ^- 144- Urns.,  /  =  4-10  8ec8.,  «  =  -0U26cm8., 
,^6079xC4-325)2 

4a  Find  M,  the  viscosity  of  water,  given  M=  '"^^''^  when 
P=39-25x981,  R^= -00788,  .=47  sees.,,  L =23-3  cms..  5=  102-5  c.c. 

44.  Find  tlie  ratio  of  1^  to  l„  given  =  where 
<i =3-81  sees.,  ^2=5-19  sees.,  /=3-26  sees.  ^  * 

q'    '  '"'It  '  D  /  ""''^''^l^^'     *  condenser  from  the  formulae 

T  =  (i  333  sees.,  X  =  -425,  E=l-Oa 

40.    Evaluate  Y= (Young's  modulus),  when 

«i=20grams,  /=38-2,  .=-.32cm.s.,  ^=981.  6-1-287 ems., 
c?= -00656  cms. 
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53.   Logarithms  of  Trigonometrical  Functions 

The  logarithms  of  the  trigonometrical  function,  of  acute' 
;n.^^los  .ro  to  l.e  ol)t^iued  from  tables.    As  the  charTw 
JJ^o  cannot  ho  ^n  by  inspe.-tion  it  is  v^mT^ 
the  mantissa    Also,  to  save  confusion  .vifb  i-o..n-.I  t'  tho 
«Kn  of  he  chamcteristic,  tiie  number  10  is  a-Lle  1  n  e- 
-aso.     'Ihe  ivsu  t  is  called  the  Tabular  logarithm 

i^tuuhot;^^^^ 

Thus  in  the  table  of  Lo..uithmi.  Sines  we  have  the 
tabular  loganthm  of  sine  GS^  Ls'  i.  ^,^1 
log  sin  68°  18' =  1-9681 

Tl,n  s,„„e  lulls  nmwniinK  ll,e  .-,„l,tr.„,tioii  of  differences 


Examples.   VII  d. 

1.  'VVrito  down  from  tlio 

Iog«m56»40',  logtan2r  13',  log, sec  .00' 47',  logco.s43' 2«', 
log  cot  1 9°  44',  log  sin  123°  15'. 

2.  Find  0  in  e^wh  of  the  following  cases 

n)  i-K  sin  ^  =  T-4762.  (2)  log  cos  d= 1-6254. 
(:})  l„gtan^)=  •r,S1.3.  (4)  logsec(?=  -8765. 
(•"))  log  tan  1-5843. 

3.  Find  the  valuos  of 

(1)  «m4ri2'xcos28M7'.    (2)  sinl30M5'xco.  120"  3'. 
,3.    tan  27°  11' 
00860  56°  23'* 

ir>-4sin47'  13' 


4.    If  sinA  = 
than  180°. 
P.  F. 


18-7         »  fi"^  ^wo  values  of  A  less 


i 
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.    T*     ^      ^8^>5>ri4-:r>  .... 
6.    IfcoH<'=V -17-6  X  25-4  ' '"'^^ 

^  :?.-.(;  sin  .-JT"  16'  „  J 

6.  Given  ^, find  a. 

.sin  O.i  2 1 

^,  .  .  1       ,  sin  25°  cos  37' 

7.  Obtain  the  vahie  of     ,      .,,  ,o — . 

tan 

8.  Tlic  arcii  of  a  A  Ixnng  i*//>.sinC,  liad  the  arua  where 
a-798ft.,  6=460ft.,  0=55°  2'.  " 

9.  I  f  tan  d = cut  28°  64',  find  0. 

10.  In  a  A,  Mini 
c=59-21  ft.,  C=27°  22'. 

11.  Find  the  value  of  ]^^^^^^  ^  the  coefficient  of  diurnal 

al)erration  where  «  =  radius  of  earth 3!)fjO  mis.,  V  =  velocity  of 
liglit=  180,000  mis.  per  .sec.,  ^=ob.server'.s  latitude  =  5r  7'. 

12.  The  electric  current  in  a  wire  is  given  by  C  =  *^^q^""  » 

Air 

find  its   value  when   H  =  -18,  r=  16-01  cms.,  tan  20= -1723, 

13.  The  refractive  index  for  gla.s.s  i.s  given  by 

.   8  + 

sin-^- 


10.    In  a  A,  sinB=— find  B   when  6=12?-3ft., 

c 


Find  fi  when  a  =  43  51',  e  =  ('A'  ,')4'. 

14.  The  coetiicient  of  imitual  induction  being  given  hy 

RQ  27r 

M  =  — where  Q= x  3  0  x  lO""  and   C  =  »ctivn8,  lind  M 

when  R  =  400ohms,  «=4-5  seca.,  »c=-.l-3,  8=11°,  7r=3142. 

15.  Tlic  strength  of  a  magnetic  field  is  given  by  the  formula 

H  ==  wn  r^i^nff  •  li^valuate  H  when  ir  -  3-142,  n = -42,  k = 274-6, 
r=26,  ^=59°  7'. 
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16.  lu  solving  a  triangle  it  w.«  nec^sarjr  the 

a  \^  bo  COB  ^. 

^       5+^     '  «=(«'+c)Kin.^.    Find  a  when 
^"la^cnia.,  c=15-6cin8.,  A=48°28'. 

17.  (Jiven  that  the  W  requimi  t..  m-.u-ui  a  Inniy  .sli.,nin.. 
<h)wn  a  rough  incHned  plane  of  angle  a  is         ("Z^^)  I 

is  the  .1..-]..  of  friction.    Find  this  fomj  if  w3!o^      '  '  "^T 
a  =  32^  14',  X=  15'  ^.  S''"'"^ 

18     1    .  =  (.-.).se.,^   v,,...e   t.n0==-^,  „ 
when  />  =  11-04  cms.,  c=9-38cms,  A=52'  14'. 

19.  Find  H  from  the  formula  Htan(9=  ^^.j^^j^ 
»-25.  a.l3-»7on».,  *=20-,  0-68 n^pe^^'lt,"?'!,, 

20.  In  a  conical  pendulum  the  .an^lo  tl.e  .„ri„,  „,„fc„  „.it|, 

1«)  X  60  «»*a  sin  X  cos  X 


find  the  jiiiylo 
X  =  52''  4', 


if  - 

"    24  x  60x  60'  1760x3,  y=32-2, 


22.  Evaluate  (i)  (0-0326)o«   (ii)  (.0214)'«,  (iii)  (.024)o.«. 

23.  Evaluate  200  (10» {lO" » -  30 1». 


7—2 
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Miscellaneous  Examples.  £. 

1.  tho  anijlo  of  elevutioii  of  tho  kuii  wlion  tho  slimlow 
cust  liy  a  tower  :.'(»i>ft.  liii,'h  is  12^  ft.  less  than  it  was  when  tho 
(.'leviitioii  of'tlif  .smi  w.iM  21  . 

A 

2.  CJivcn  COS  A="34,  find  tho  vaUio  of  t<vn  g-  and  explain  tho 
double  answer. 

3.  If  you  had  no  hook  of  tihlos  and  liad  to  liud  out  whether 
tho  following  wore  approxini.vtoly  correct,  stiito  how  you  would 
do  HO,  giving  your  working  and  rcasoning: 

(i)  log3  —  .'),  (ii)  tho  no.  whoso  log  is       i.s  -iSQ, 

(iii)  log  •12  —  2  log  ■IV). 

4.  I'iud  four  angles  between  0°  and  3C0°  which  Kitisfy  the 

ciiuation 

4  tan  5  -  + cot  ^ = 0. 

5.  Two  sides  t>f  a  triangle  are  13-0  cms.  and  ir)"4cni8.  and 

tho  iiK-luded  anulo  i.s  -10  .  "What  W'  uld  lie  tho  increase  in  area 
if  each  of  tho  two  sidci  vitis  longthoncd  by  0  3  cm 


(i.  I  have  two  tables  containing  tiio  logarithni.s  of  all 
numU'rH  and  the  tabular  logarithms  of  sines  of  all  angles 
from  'I'  to  !»;)  \<nt  1  liavd  no  tidiular  logai'ithms  of  cosines  or 
tiUigeiits.  I  \  lit  to  find  the  taimlar  logiritlim  of  tho  cosino 
and  tangent  of  a  certain  angle,  .say  34"  27'.  How  um  I  to 
do  BO? 

7.  Evahiatu         —  where  7r=3142,  ic=0-74,  =G9-4, 

\i  >,l;     -  log  /'i  '  i  I  i 

8.  Two  ailjacent  ^^idc:■j  AB,  AD  of  a  parallelogram  are  4" 
and  5"  respectively.  Tho  diagonal  AC  is  7".  Calculate  the 
angle  BAD. 
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9.  The  line  OC  joh.:,..^  .a  jK.inh  O  o:.  the  circumference  of  a 
.vio  of  r.uln,.s  .  to  tl.o  c.utr,  C,  m.ake«  with  OX,  any  hne 

"  ^  ^     -  With 


1^"^  ""^^      "  right-angled  tri.u.glc  i.s«J  n-lt  Ion  ^  un.i 
the  angle  oimmxs  te  to  it      -ir-  ■>-'     i.-   ,        ,  -     "'"o '""i 

its  rangp  is  SV^cas  „  smja-^) 

ffCOH-ifi         •  ll'o  i-.iiigo  wlan  V  =  5(J-4, 

"  =  04'  l')*,  /3  =  28°  1 G',  y  =  32-:.. 

l-i.    Tlio  angle  bctweon  two  t„ii.r,.iits  of  I,.,,.'tl,  « 
extern.1  point  to  a  ci.le  of  r..,i..  .^-s  ^    I'l::;;  h/p^ilSi:: 

sin  0      '  sill        •    "        tiie  distance  from 

the  external  point  to  tlie  ceutze  of  the  circle,  prove 

of=a  cos  I +r  am  |. 

14.    M  to  the  nc«rast  tenth  the  iK>sitivo  vah.o  of  a:  which 
satisfies  ,      ..=tan  1-'^ 

1  —  A- 

■■■■■    4. 'i L  '-L  ° -"»'"' 

incidence.   Prove  th.il  f"'  V  "  l«--q'c."li.  ul.r  ,.t 
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16.  XB  18  tlio  pnijcftidii  of  AB  on  MN,  tlio  angle  AXB  l>ein!» 
a  right  angle.  Find  tiiu  length  of  XB  when  AB-Sinchca  and 
the  angle  ABX  (n)  in  equal  to  33'.  If  AB  and  BC  are  the  Hides  of 
a  s(ni,in",  and  XB,  BY  their  projections  on  MN,  how  miiMt  the 
wjiiaro  Ih)  iiliucd  for  XY  t<->  have  (i)  the  leawt,  (ii)  the  greatest 
I)OH8ib1o  longtli,  consiatently  with  the  cunditionH  that  B  is  always 
to  \>ci  on  MN  and  tbc  tiqiuuro  is  to  be  above  MN  and  in  the  same 
plane  with  it  I 


M 


Fig.  55. 

17.  If  a  and  ji  are  two  diiiorcnt  angles  wiiich  sjitisfy  the 
equation  3+2  tan  a- = sec. r,  prove  that  tan(a+/3)  =  ^. 

18.  An  cm>r  of  1-5%  excess  is  made  in  measuring  the  side 
a  of  a  tri:iii^'l(i  and  of  1  defect  in  me&suring  b.  "W'uat  is  th(> 
resulting  i»crccntage  error  in  the  area  as  cal(;iilatcd  from  the 
formula  |a/»sinCi 

10.  Find  in  aires  the  are.i  of  a  triangular  field,  two  of 
whose  sides  m  to  576  and  43')  yards,  and  meet  at  an  angle 
of  54°. 

20.  A  chord  B  of  a  rirde  cuttf  a  <lianioter  CD  at  right 
angles  at  O.  A  line  OE  at  ri'^lit  angles  to  the  piano  of  the  circle 
t.ibtcnd8  at  the  points  C,  B,  D  aiiglcs  of  d,  a,  (f>  respectively. 
Prove  cot^BCot^a.tand. 
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THE  SOLUTION  OF  TI![AX(;LES. 

54.    The  formula  cos  A  =        ^    ,  proved  in  Art.  32, 

is  not  suitable  for  logarithmic  work,  but  wo  can  obUiin  from 
it  fonnulae  that  are. 

Thus  we  Iiave 

1   +  cos  A  -  1   +   ;  " 

'2f>f; 
"Ihc 

2/>c  • 

iVowlet  a  +  ^»  +  c-2.?, 

b  +  c-a  =  2s-  2a-  -a); 


tbci 


And  .-.    1  4.  rna  A  =  ^ 


1  +  cos  A  =  V'"      /  . 

-2bc 

2  be 


> 


cos 


A  _     /s  (S  - 

2-V 


-a) 


•(1). 


Explain  why  the  positive  root  is  taken  in  this  result 
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Similarly  it  can  be  shown  that 

1  -  cos  A  ^  2  siir  -  =    ^  -  /-^  —  ^ ; 

2  be  ' 


A 

Sin  2 


^y^s^b^)   

From  (1)  and  (2)  we  liave 

ta^^=yE3Epi   

2    V     s  (s  -  a)  ^ 

Any  one  of  these  three  formulae  can  be  conveniently 
n8ed  for  finding  the  angles  of  a  triangle  when  the  sides  are 


given. 


Fiml  the  aiiu'lcs  of  the  triangle  if  a =243-4,  ft =147-6,  c=  185-2. 

(/  =  2i;V4 
/>=147(J 
0=185-2 
2)570-3 
a=2881 
8-a=  44-7 
a -6  =  140-5 
«-c  =  102-9 

[A  convenient  test  of  accuracy  (a  -  a)  +  (a  -  6)  +  («-<•)  =  ».] 
a     V  l'«^•lx  11-7  ' 

/\ 

.-.  l'>gt.in^  =  |  {Lgl40-5  +  logl02-9-log288-l-log44-7} 

log  140-5=2-1470 
=  -<J2r)0;  log  102-9  =  2-01 23 

A       ,  j  4-ir)!J!) 

. • .     =  40°  aiy ;  I  1^^,  2.Sa-l  =  2-4596 

A=93M8'.  log  44-7=1 -0.^3 

I  2; -0500 

i  -0250 
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Also 


447xJ02-9 
2881  X  140-5 ' 


log  tail  - 


B 
2 


1-5277; 


log  4 1-7  =  1-6503 
log  102 -9 =2-01 23 


B 

•■•  2 


18°  38': 


log  288-1  =2-4596 
logl40-5=21476 


3-6626 


.-.  B=  37°  16'; 
.-.  A+B  =130°  34'; 
.-.  C=  49°  26'. 


2)1-0554 
1-5277 


Note.  We  use  the  formula  for  the  tangent  hero  bcuiu.se  we 
thou  only  re(iuiro  to  obtain  four  logarithms  from  the  tables,  viz 

log  s,  log  {s  -  a),  log  (.y  -  b),  log  {s  -  c). 

To  test  accuracy  we  can  find  -  by  the  same  method. 

55.  To  solve  a  triangle  when  two  sides  and  the 
included  angle  are  given. 

Ijet  a,  h,  C  l>o  the  givt'ii  i)arts. 
We  have 


sin  A  a 
sill  B  ~  J  ' 

sin  A  +  sin  B 


a-b 


a  +  b' 


.-.  tan^  =  «:i5 


since 


A  +  B 
2 
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Tlie  alx>ve  formula  is  suitable  for  logarithmic  work, 
and  from  it  we  obtain  the  value  of  . 

And  henoo,  since  — ^-  is  known,  wo  -rt  <1ie  values  of 
A  and  B.    The  sid<3  <■  can  tiien  be  found,  since 

_  a  sin  C 
sin  A 

Example  (i). 

Given  i=253,      189,  A=72''  14',  solve  the  triangle. 
First  method. 

Wo  have  tan  ^^-;:^=.;'-".„t^ 

-     cotacr  7'; 

B  -  C 

.-.  logtiin-— ^=^.l<)gf)4-log442  +  logc<)t3G''  7' 


==  1-2976; 
^  ^=iri3'; 


•  2 

B  4-  C 

we  have  -  —-''=53"  53 


1o;t  f;4  =  1-8002 
log  442  =  2  (5454 
116()8 

logout 36°  7'=  'ISeS 
T'297^ 

])y  .uldition  B=G")°6'. 
By  subtraction  C  =  42"  4'y. 

Also  a=  --''"1'^  =  l^sin  72°  14'  ^ 

sine        Bin42°4(/  ' 

.-.  log«=logl89+lopsin72''  14' -log sin  42"  40' 

logl89=2-276o 
log  sin  72°  14'=r;9T88 

log  sin  42°  40'=  1-8311 
2-4242 

Sic.ond  mrtliiid. 

The  following  method  do«j.s  not  involve  tlie  nsn  of  anv  fii)0(;i;i.l 
formula,  and  may  sometimea  be  of  use,  but  the  iv«ults  are  likely 
to  be  less  acciu-ate  than  those  obtained  by  the  first  method. 


=2-4242; 
*.  fT  =  265-6. 


THE  SOLUTION  OP  TBIANGLES 
Let  BD  be  perpendicular  to  AC. 


US3 
Fig.  56. 
Then  AD  =  18y  cos  72°  14' ; 
.-.  log  AD  =  1-7610; 
.'.  AD  =  57  08; 
.-.  CD^  ['.)-y.i-2. 
Also  BD  =  18!;.sin  7:^  11'; 
.•.  logBD  =  2-2jr,3; 
.-.  BD  =  180-0. 

CD     195-3 ' 


C 


log  18D  =  2-2765 
logC()8  72'  14'  =  T-4845 

1-  76W 

log  180  =  2-2765 
log  sill  72'  14'  =  T-y7S8 

2-  2553 


log  1  SO 

logI;t.-)-3  =  2-2007 


=  2-2553 
=  2-2007 
1-9646 


logtanC=  1-0646; 
.-,  0  =  42"  40'. 

The  rest  of  the  solution  is  the  same  as  in  the  fii-rst  niethoil. 
Example  (ii). 

Given  a=324,  J=287,  B=34°  17',  solve  the  triangle. 

We  have     sin  A  =  "-^'"J  ^  324  sin  34»  17 . 

/>  287  ' 

.'.  log  sin  A = log  324 -log  287 -flog  sin  34°  17' 
=  i -80.33; 


.*.  A=.39°  28'; 

or  140°  Sa*. 

Since  t*<M,  both  values  of  A 
are  possible,  and  we  have  an 
ambiguous  case.    [Art.  35.] 


log  324  =  2-5105 
log  287=2- 1570 
^•0526 

log  sin  34"  17'=-T-7507 
1-8033 
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(1)    AVlien  A=  3!/  28'; 

A-|-B=  7;r  (-)'; 
.-.  C  =  1(h;  1.-/; 

and        c-  =  *        =      ?!»  _  ^^^Ziiiii  73^  4;y 

sin  B         sin  34°  17'  sin  34°  17^  ~  ' 

I  log  1^87  =  2-4579 

.-.  logc=2  *>.S!).-> ;  '        logsinSl"  17'  =  T'7507 

c  =  48i);i,  ,  2-7072 

logsin  73°  45' =1-9823 
I  2-6890 
{■2)    Wlieii  A  =  140°  32'  ; 

A+B  =  17r  49' 
.-.    C=    5°  11'; 

and  c=2-''^^°ll'. 

,siii34M7'   '  :  H'287-l<)g.siii3r  17'  =  2-707-: 

.-.  L)gc'=l-(;G2(j;  :  l'>g«iu  5MI'  =  2-f»554 

Examples.  Vin  a. 

Solve  the  following  triangles : 

1.  a =56-4,  ?>=75-7,  c=  107-5. 

2.  A=37°  14',  B=65°  15',  c=83. 

3.  B=76°  27',  C  =  43°  12',  6=27-8. 
4    a=264,  ft=  ..35,  0=81°  25'. 

5.  6=14-70,  (■=28-47,  C  =  40°30'. 

6.  a  =  28,  c=33,  A=36°  24'. 

7.  A =107°,  a =456,  6 =.31 2. 

8.  a=.345-2,  6=281-7,  c=261-5. 

i».         11^  l  .V,  A  =  103°  7',  c=.3-47. 

10.  B-.122  ,  ,/-.13-r.(;,  ,'-  .-,lv4,-,. 

11.  A  -.57   1 1',  B  =  83' 3.-)W.  _  ;^M7, 

12.  lu  u  triangle  ABC,  a=.35,  6^43  and  C  =  75^  11',  find  the 
angles  A  and  B. 
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13.  Given  A=42°,  a  =  14i,  6- 172-5,  find  all  solutions  of  the 
triangle  ABC. 

14.  If  a  =  447,  6  =  .341,  C  =  37'  22',  find  tlio  two  values  of  B  ; 
and  draw  a  figure  showing  the  two  triangles  obtained. 

15.  A,  B  are  two  points  on  one  Iwink  of  a  straight  river, 
distant  fi'oin  one  another  049 yards;  C  is  on  the  other  bank,  and 
the  angles  CAB,  CBA  are  respectively  48°  31'  and  75"  25';  find 
the  V  idth  of  the  river. 

16.  The  angles  A,  B  of  a  triau-le  are  respectively  40'  30'  and 
45°  45',  and  the  intervening  side  is  6  feet;  find  the  smaller  of  the 
remaining  sides. 

17.  Find  the  greatest  angle  of  the  triangle  whose  sides  are 
184,  425  and  541. 

^18.  In  a  triangle  ABC  tiie  an-lcs  B  and  C  are  fonnd  to  !><> 
49°  3(y  and  70°  30'  respectively,  and  the  side  a  is  found  to  be 
4-375  inches.  Find  A,  b  and  c  as  accurately  as  the  tables 
permit. 

10.  if  «  =  l()()()in,  lRs,  6  =  353  inches,  B=20°  35',  find  the 
angles  A  and  C,  taking  A  to  ha  obtuse. 

20.  From  l^ri.stol  to  Ridimond  is  9!)  miles.  From  Riclimond 
to  Nottingliam  is  112  miles.  From  Nottingham  to  Bristol  is 
122  miles.  If  Richmond  is  due  K  of  Bristol,  find  the  bearing  of 
Nottingham  from  Bristol  to  the  nearest  degree. 

21.  A  m.m  walking  along  a  ro.id  .hi(i  E.  sees  a  fort  4  miles 
away  in  a  direction  E.  32'  X.  If  the  guns  have  a  range  of 
3  miles,  how  far  must  he  go  before  he  is  (i)  witliin  range,  (ii^  out 
of  range  again  ?  ° 

'2-2.    OABCis.aquadrilateralin  which OA  =  12-5ft.,OC  =  H  ft, 

AOB==27'  40',  L  BOC  =  .35°  25'.  Find  the  angle  OAC,  and  henc^ 

the  distance  of  the  intersei-tion  of  the  diagonals  from  O. 

23.  A  rock  slope  is  inclined  at  40  to  a  horizontal  i)lane. 
A  man  stands  30  yards  from  the  foot  of  the  slope,  on  the 
lion/:>nit.u  pLin.;  ihronyh  it,  and  notices  that  the  KlofKi  subtends 
20'  at  his  eye.  If  his  ey^  is  6  ft.  above  the  horizontal  plane,  find 
the  length  of  th''  slo'-e. 
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24.    A  c«ustguai-d  travolliag  duo  E.  along  a  .strai^l.t  coast 
romi  notices  that,  when  l.e  i.s  duo  S.  of  a  crUin  lighthouse,  a 
.hst.u.t  churd.  ui,,K.ars  to  I.3  S.W.,  but  a  mile  further  onThe 
.ghthoiLse  1.S        .  l,y  W.  of  ],nu  and  the.  church  AV.S.AV  Find 
the  dtstance  of  the  lightliou.se  from  the  road  and  fr^m  the 


or. 


\   .s'  ,     ,    ?;  '"''^'■■^  then  14-G  miles 

V    ,  J  ^''^  I'-O  ^N^W.  to  B.    Find  how  far  .she  is 

.   A  ..nd  hon-  f:n-  ^V.  of  A.    Heuce  find  the  distance  AB  and 

the  l.c,u-iiig  of  B  from  A. 

2G.  A  Shi,,  is  suilin^^^  due  W.  .nt  10  knots.  At  midday  a 
hghthousc  Ws  X.  50»  W.  and  at  12.15  it  bears  N  30' V 
When  will  its  bearing  be  N.  35°  E.?  x^..  w  w. 

27.   A  and  B  are  two  consecutive  milestones  on  a  strai^lit 
road  runmng  N.    From  A  a  spire  is  obsei-ved  to  be  N.42°  H'  W 
and  from  B  the  spirels  l.oarin"  isX  G'l'lV  W     Vi^A  *u    1.  L  / 
distance  fron>  the  spire  to  the  rofd  ^ind  the  shortest 

vJ^'a         ^t'/'^-  ^  "  ^"'^^^  ^^-I'ich  runs  NE. 

:sTl2M7  W  ^^'i^-  and  from  B  its  bearing 

IS  JN.  12  1  /  W.   Find  how  far  the  tower  is  from  the  road. 

.1..  ^.  at  8  4  knots  and  the  other  W.  33»  14' N.  at  7-3  knots, 
iluw  many  sea  miles  will  they  be  apart  after  two  homJ? 

^^ight  line  towai^s  B  t^  .^h;!:  ,  ^l;;  1!;^^^™;  - 

B  1.  n,a.coss,l.l,>,  l,„t,  f!,.  „,„erver  notes  that  ABP  is  an  LuL; 
^bte/"  '^'"^^  ^  if  ABP 

har^iu,  AlSgdu:V:;^B^'A™  I^^'^'T'^  ^'"'^  * 
asliinontPri>.,r+i  1  '  ^  AB-oOOyds.  An  observer  on 
a  S  I  ontu  n.g  the  harbour  on  a  straight  course  S.  35°  W  sights 
B  HI  the  direction  8.  R°  W  ard  -i^     -  ^-        '  "'o'lcs 

i8S'i'l°W    Vi^A  i.1    J-  1     '      ^  "'^  "•"•'''^ ■'i's<-'''vcs  iiiat  A 


THE  SOLUTION  OF  TRIANGLES 


111 


32.  From  a  ship  at  »ea  a  rock  and  a  headland  aro  olwci-ved 

to  Ix)  in  a  .straight  lino  which  runs  N.  18^  K.  After  tlio  .siup  h.w 
sailed  6  wiles  to  the  >.'.\V.,  the  roek  is  seen  to  l>o  duo  K.  and  the 
headland  N.E.  Find  the  distance  of  the  rock  from  the  iiou.ll.ind. 

33.  A,  B,  C  aro  three  points  such  tiiat  AB  =  47(J  yds 
AC-513yds.,  BC=495yds.   An  olwerver  who  is  in  the  same 
Inio  .IS  BC  (.1  .serves  tliat  AB  subtends  an  angle  of  23"  10'  at  his 
eye.    Find  his  distance  from  A. 

34.  From  A  a  ship  .s^xils  8-4  niilos  N.  I  V  E.,  then  r,-2  miles 
N.  52°  16'  W.,  then  4  miles  N.E.  to  B.  Find  the  distance  and 
bearing  of  B  from  A. 

35.  A  person  wishing  to  determine  the  length  of  an  in- 
accessible wall,  places  himself  due  S.  of  one  end  and  then  duo 
W.  of  the  other,  at  such  distances  that  the  angle  wliicii  the 
length  of  the  wall  subtends  at  each  station  is  30  .  Find  the 
length  of  the  wall,  if  the  distance  between  the  stations  is  120  yds. 

30.   A,  B,  C  aro  three  stations  in  a  straight  line.   AB  =  l-75 

miles,  BC  =  2-5  miles.  I  go  from  C  to  a  station  D,  where  I  ()l)servo 
that  BC  subtends  an  angle  of  23"  19'  and  AB  an  ande  of 
17°  49'.    Find  AD  and  DB. 
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56.  Frniuontly  ]>y  tlio  nsn  ut'  ii  suhsi.liiiry  jui-lo  o.v 
pressions  may  bo  thrown  into  a  form  suitable  for  lo-uritlimi 
work. 

Thus 

a  sin  0  +  bco>ie^a  ( sin   +  ~  cos  6) 


for  logarithmic  work. 

57.    Airaiu  the  formula  -i- //-- i^/Ac.s  c  ran  be 

put  in  variuiis  forms  .siiit^iblo  i'or  logaritinnic  work  with  tlie 
help  of  subsidiary  angles ;  so  that  when  two  isi<le.s  an.  I  tlie 
nicludcl  angle  of  a  triangle  are  given  the  third  side  can  be 
found  without  hrst  finding  the  otlier  angles. 

Wc  procee<l  to  give  an  example  of  this. 

We  have 

r- -  (r +  /;-'- 2,//^  cos  C 


(«  +  by  ~  Adh  cos-  - 


acute  angle  $  such  that 


an 


.    V,     2\<(h  C 
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•*.  c  -  (rt  +  i)  COS  e. 

Example, 

«  =  237,  i  =  ir,8,  0  =  58° 40', 

where      sin  ^=^Los  ^  _  2^237  x  158 

a+b       2~       395       co8  29''20'. 

To  find  6,  we  have 

logHiu^=lpg2+i(,„g237  +  ]ogl58)-lo.3.)5  +  l.>gcas29'2()', 

log  237 =2-3747 


1-93J6; 
.*.  ^=58' 41'. 


.".  c=395co8  68''41'j 
.'.  logc=2-3124; 
•  •.  c=205-a 


logl58  =  2-in87 

2-2867 
log2  =  _-3010 
li>gcoa29°20'=l-940o 
2^51^82 
log395=2-r)9C6 
1-9316 

log  395  =  2-5966 
lQgcos58°4r= 1-7158 
S-3124 
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Examples.   VHI  b. 

1.  Show  that  VoH^  cnn  l)0  thrown  into  the  fnrux  ftHnod, 
where  0  =  t;ui~'  - . 

(iivo  .'i  gt!(iiiK!ti'ic;il  iiit(;ipn;tiitii>u  to  tliin  liy  .sn[>iM>siiij^  l> 
to  l)e  sitles  of  a  right-angled  triangle. 

,    ,,,  .     nsiti^j+snstc.s^^  . 

2.  llirow  the  (•x))rossi()ii  ^       ,      .   .       „  "itu  u  lorm 

siiitiilile  to  Ingarithinio  cjileiilatiou  when  chlibrciiit  valui.s  of  0 
ii.ro  introduced,  and  use  your  form  to  cvaluato  the  expression 
when  ^=7r59'. 

3.  In  any  triangle  if  tjin  ff>  =  "    /  cot  ^ ,  prove  tliat 

Ilcuce  liud  c  if  «  =  423,  6  =  387,  C  =  4G' . 

4.  Prove  tlie  formula 

A  /  A  / 

=  (I,  -f-  r  -  -2  (■<  )S     VAr)  (7'  + +  2  COH  rr\'l><-). 

Apply  it  to  fmd  the  .side  a  of  a  triangle  wlien  132  5  feet, 
c— 97*32  feet,  A=37'46',  as  Udcuratoly  as  the  talklsM  iicrmit. 

5.  If  ABC  Ihj  a  triaii;^'lo,  and  6  such  an  angle  that 

.    ,    '2\'»l  C 
a+b  2' 

iind  c  in  terms  of  «,  h  and  6. 

If  a  =  11 ,  i  =  25  and  C  =  106°  1 0',  f  1  nd  c. 

58.    The  area  of  a  triangle  in  terms  of  the  sides. 
In  Article  1,";  it  was  .shown  tliat  A-i/^csiii  A. 
Hence  we  have 

.      1  7         -A  A 

A  r-- 6c.  2 Sin -COS - 

=  ^s{s  —  a){s—U)  {s-c). 
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69.   Radius  of  circunMcribed  circle. 

From  Aj  ticlo  15  Ex.  (iii)  we  Iwvo 


2R  ^       .     ^  c  . 

«iiiA    siiiB  niuc' 


whence  r  .  ''^'f 


<lhc. 

4A 


60.  Radius  of  inscribed  circle. 


Fig.  57. 


ABO^.' 'i'd  \°TT  "■       'r^^  «'« triangle 

The',:""'' 


AABC-ABIC+ACIA  +  AAIBj 

^  h'  (u  +  b+  c) 
~rs: 
A 

. .  r  =  — 

s 
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6L   Radii  of  escribed  oiroles. 

Ijefc  E  bu  iJie  centre  of  the  escribed  circle  which  touches 
BC  and  the  other  two  sides  produced. 

Let  P,  Q,  R  be  the  points  of  contact,  and  ri  the  radius. 


A 


I'ig.  58. 


Then 

AABC=  AEAC+AEAB-AEBCj 

/.  A     Ivib  +  I  r^c  -  Ir^a 

=  ^r,  (2.  -  l>«) 
=  r,(s-a); 

s-a 

Similarly  the  n^dii  of  the  other  escribed  circles  are 

A  A 

H-b*  s-s 
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62.  Tliere  are  i...i..y  fonu.s  iu  wl.id,  the  M.li.i.s  ..f  the 
m«cnbecl  circle  may  be  exj.resml.  A.u,ther  funa  which  is 
sumetimes  coiiveiuent  can  be  obtained  as  follows. 

BD  .BF,    CE-CD,    AF  =  AE; 
BD  +  CE  +  AE  =  M(  the  i^eriiueter  of  the  triangle 

=  s; 

•••  BD  +  ^  =  ,;       BD  =  *-6. 

Siiuilurly     CO  :.8~c,  and  AE  =  ff-a. 
Ileuco  we  have 

r=BOtan|.  («-^,)teu| 
=  C« - c)  tan  ^  =      a)  tan  ^  similarly. 
By  combimn^r  thi.s  formula  with  r  =  ^  prove  the  for- 

niulao  expressing  tan|  etc.  in  terms  of  the  sides  of  the 
triaiigle. 

63.    We  can  also  oht^i.i  r,  as  follows,  since  (Fig.  58) 

BR  =  BP, 
CQ^  CP, 
AR  -  AQ; 

AR  =  1  (AR  +  AQ)  =  i(,  .B  +  BP  +  AC  +  CP) 
=  K<*  +  *+c) 

•'•  r,  =  ARtiin^  =  stau  ^. 

A  2 

Similarly        r,=,tan|,  r.^sUn^ 

^  2 
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Examples.    VIII  c. 

1.  Find  oiiTfct  to  till!  tt'iitli  (if  ;i  s(j.  iiicli  tiuj  area  of  u 
triangle  Avhoso  sides  are  2'4r»,  3-17,  2*21  inches. 

2.  ¥'md  the  radius  of  the  inscribed  circle  of  a  triangle  whose 
sides  lu-G  27-G,  13-8,  20-5. 

A  liiclc  is  cin  uiiisrrilied  alx)ut  a  triangle  whose  sides 
are  17,  '.i-2,  13;  tind  its  radius. 

4.  A  c'liord  of  a  liicle  is  15-7  fni.  in  longtli,  and  the  angle 
in  one  of  the  segments  is  47° ;  what  is  the  radius  of  the  circle? 

T).  Find  the  ratlins  of  the  largest  circle  which  can  be  cut  out 
of  a  ti  ia  I  ulc  whose  sides  are  423,  37"),  216  ft.    Also  calculate  the 

iUVtl  of  '  li',!  cil'i-li;. 

G.  The  lengths  of  the  sides  of  a  triangle  are  375  links, 
452  links,  and  547  links.  Find  the  length  of  the  perpendicular 
u\K>ii  the  ^Imrti  st  side  from  the  opjwsite  comer,  and  the  radius 

of  the  iiisci'ihcd  rin  k-. 

7.  If  the  sides  of  a  triangle  are  17,  23,  30  inches  in  length, 
in  what  ratios  do  the  j)oints  of  contact  of  the  inscribed  circle 
divide  tlioni  ? 

5.  Prove  that  in  an  ciiuilaf era!  triande  tli(5  radii  of  the 
inscrilxHl,  cin  uniscrihcd  and  cscrihcd  circles  are  as  1:2:3. 

!*.  Tlie  sides  of  a  triangle  are  17,  25,  30;  show  that  the 
radii  o'  the  escribed  circles  are  as  21  :  33  :  154 

10.  Prove  that  the  radii  of  the  inscribe<l  and  escribed  circles 
can  1)6  expressed  as 

,    .    C  .    A  ,       C  A 

isin  -^sm^-  6  cos cos  ^ 

g       ,  and  g  resixjctivel^-, 

cos  -  cos  — 

11.  Express  the  aim  of  a  triangle  in  tonus  of  one  side  and 
the  angles, 

12.  Prove  that  the  distances  between  the  centre  of  the 
inscril-  m1  cirt;le  and  the  centres  of  the  escril)cd  circles  are 

A        ,       B  C 

asec— ,      osec^,       csec  — . 
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Miscellaneous  Examples.  P. 

1.  The  diskmccs  of  a  iH>int  P  in.n  U'o  ui^-.r  points  Q  and  R 
are  wanted  and  ranuut  be  dir  criy  uieaM.rci  The  distance 
iH'twcon   Q  and   R   is  found  i-  1...   i;570  v.l^.  PQR  =  33°40', 

PRQ^l^J  25'.  Find  tiic  di.stance.s  or  H  Aci:..  Q  and  R,  both  by 
calculation  and  d^;l\\inl,^ 

2.  If  in  the  triaiiyk;  ABC,  C  =  !>u',  pn.vi- 

,  A     b  +  o 

eot  -  =  . . 

:i  a 

3.  Calculate  Young's  McKkihis  from  the  fonnula  Y='"^  :^' 
where  F=500x081,  ^=70,  5=2-22,  /i  =  l-28,  .r=2.  ' 

4.  Two  ;i,lj;u-riit  sides  of  a  parallelogram  are  6"  and  5" 
lund  the  angle  between  them  if  the  diagonal  passing  throutjh 
their  jKunt  of  intersection  is  9". 

5  Given  that  the  diagonals  of  any  qiM.hilateml  are  of 
lengtli  .V,  and  >/,  and  ]iit.T..ect  at  an  angle  0,  prove  that  the  ami 
ol  tiio  figure  is  hiz/ainO. 

6.  The  corner-i>ost  C  of  a  prop^rfy  was  fi.u.l  as  In^in.^ 
{'<  ()  cliaiii-.  from  a  tm;  and  in  tlie  direc  tion  S.  ;-)6%5(y  E  This 
post  having  now  been  moved  to  a  point  C      .  bains  du.-  X  of  C 
the  distance  and  direction  of  C'froia  the  tree  must  be  determined' 
J  md  them  by  calculation. 

7.  A  point  P  lies  3  milas  from  a  point  O  in  a  direction 
31  north  of  Kast;  another  j.oint  Q  li.s  miles  from  O  in  a 
direction  ...  .-.7'  X.  Calculate  the  diitanJe  between  P  and  Q 
to  the  nearest  tenth  of  a  mile. 

8.  An  isosceles  triangle  of  vortic-al  angle  «  is  suspended 
i.y  a  strin„'  t;ed  to  its  vertex  and  to  an  extremity  of  the  base 
ami  rests  so  that  tl,e  lower  of  the  e,,ual  sido.s  is  horizontal 
The  angle  made  with  the  vertieal  by  each  portion  of  the  strin- 
is  d  and  I  is  iiu!  length  of  the  string,  prove  '  where 
h  ia  the  altitude  of  the  triangle.  sin  ^  cos  ^ 
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9.  liiid  6  from  the  formxila  co8^==  ^  whore  (/==3^ 
n=-84,  7r  =  3-142,  /=ll-8. 

I<|.  Find  the  rudins  of  a  sphere  of  volume  320  c.c,  gi\  jn 
that  volume =^^^3.  (jr=3'142.) 

^11.  Ill  a  triangle  ABC,  BC  =  u:?  vaid.s,  ABC  =  5'JM9', 
ACB  =  43°  l.V.    Calculate  thu  length  of  AB. 

Also  find  what  error  is  made  in  the  length  of  AB  if  tho  angle 
ACB  is  through  a  wrong  measurement  taken  as  43°  17'.  ° 

\-2.  Find  tiic  number  of  years  in  which  £320  will  amount 
to  i-4:,o  ;it  4     Compound  Interest 

13.  A  i>(-rs.,n  .,n  a  fliff  ohsorves  that  the  angles  of  depression 
of  the  light  of  a  lightship  500  yds.  away  and  its  imago  by  reflexion 
m  water  (which  is  the  same  distance  vertically  Wow  tiie  surface 
as  the  liuht  is  above)  are  D,  ainl  Do,  prove  that  the  height  of  the 

chtt  IS  :2:>()(tan  Di+taii  D.,i  yal•d^. 

14.  In  a  triangle  ABC,  u  =  h  3( )' ,  and  B  =  2A,  find  the 
angles  of  the  triangle  and  tlii^  thinl  si(l(!. 

15.  Solve  the  equation  ii'"^lG-'~'. 
Find  the  number  of  digits  in  1933. 

Find  the  number  of  zeros  following  the  decimal  iH>int  in  the 

value  of  )■'-'. 


16.  P  and  Q  are  two  forte  on  tho  s^xme  side  of  a  straight 
entrenclnnent.  A  base  line  XY  of  1000  yanls  is  measured  alon- 
the  entrenehiueiit  and  the  following  angles  are  obser\'ed:—  ° 

YXP  =  !)5",    XYP=4.r,    XYQ=10.y,    QXY  =  27-. 
Find  the  disUuice  Initweon  the  forts  and  check  your  result 
by  drawmg  a  plan  to  a  scale  of  6"  to  a  mile. 

You  may  find  useful  the  forniula  tan  ^  ''  "f  cut^  or 
the  formula  a  =  (/>+c)  cos      where  0  is  given  by 

(ft + c)  sin  «^ = 2  v^ic  cos  ^ . 

2 
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17.    An  obtuse  angled  triui.glo  l.us  a  =  l.r:]  c„,s.,  6  .!,  -  ,.„i., 
triangle  accurately. 

BC  "'in"^^5i°  I'iece  .  i«,K>r  having  AB  =  14", 

and  the  crease  rnakes  26^.ith  .he  original  i....s,tiuu  of  tl>e  «zdo 
CD.    Calculate  the  length  of  the  create 

19.    Prove  that  in  any  triangie 


t-|tanf  =  l-:'. 


20.    Find  the  volume  of  a  regular  tetrahedro.i  (a  i.y.a.nid 
ea^^h  face  ho.ng  an  equilateral  triangle)  whose  edge  h  12''  long.  ' 
Given,  vol.  of  pyramid  =  ]  area  of  basex  altituile. 

21     A  rod  AB  3  feet  long,  is  .suspended  l.v  a  strin.^  f.,,,,,,,,] 
to  Its  two  ends,  which  pass^-s  over  a  pulley  ct  O,  «o  th  tt  ! 
r^.^  of  the  string,  OA  and  OB,  n,a.i>  anLgle  of^'t  |  '  ' 

l^nXftJfe  string:  "  '^^^^^^  the 

22.  Express  cosd+sin^  as  the  pro,iuet  of  two  cosin,-s  and 
hence  find  for  what  positive  values  of  0,  les«  than  yo  ,  the 
expression  is  (i)  a  maximum,  (ii)  a  minimum. 

n  f  I ■/  V  ""1  ^"''''i  7°  ^"""^  ^  "^^^  measuring  the  aides 
a  Mu\  b  of  a  tnangle,  find  the  percentage  error  in  the  area  calcu- 
lated Irom  the  fonmila  i',/>  sin  C. 

24  When  the  sun  is  vertically  overhead  at  tl.o  o.n.ator  an 
ui>r.ght  pole  10  feet  high,  casts  a  shadow  of  12  feet  at  a  cerLin 
place.   Find  approximately  the  latitude  of  the  j.], 


lace. 


25.  A  is  a  point  in  the  line  XY.  B  and  C  ai^  two  points  on 
the  same  si.le  of  XY.  AB  =  4",  AC  =  6",  YAB=40°.  BAC=60' 
Cakukte  BC  and  find,  by  projecting  on  XY,  the  angle  it  make^ 


CHAPTER  IX. 


liADlAN  OR  CIllCULAll  MEASURE  OF  AX(iLES. 

64.  It  may  .  e  eitlier  ])ioved  theoretically  or  verified 
by  jietiiHl  nioasiin'iiiciits  that  the  firciimferenee  ofa  circle 
boars  a  constant  ratio  to  the  diainettT. 

Tins  ruiistiuit  ratio  is  represented  by  tho  Greek  letter  tt, 
,  circuiuference 

so   tlUlt   =  TT. 

diameter  ' 

or  circuTiference  of  a  circle  ~  2n-R  where  "  is  the  radius. 

The  value  of  tt  has  been  calculated  to  some  707  decimal 
jilaces.  I-'ur  accurate  results  it  may  be  taken  as  3-14ir>9 
or  :M  H<;;  Imt  .or  ron,<;her  a])]>ro.\iniations  v ( "  ^^'lAfj 
whieh  is  eon  ect  to  two  i>laces,  will  be  more  useful : 

in  wc:kiuf,f  examples  tt  is  taken  to  l)e  y  <>v  12  or 
3-14159  Recording  to  the  dcgi-ee  of  accuracy  reipiired,  and 
tho  answer  nuist  be  ^iven  up  as  correct  only  to  the  number 
of  significant  figures  justified  by  the  data. 

65.  In  theoretical  investigations  angles  are  not 
nieasurod  in  degrees  Imt  in  terms  of  a  nuich  more  con- 
venient unit  called  a  liadiaiK 


Fig.  59. 
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A  Jiiidiaii  i.s  the  iiii<(le  suhU'iidtMl  at  the  centre  of  a  circle 
by  an  arc  equal  in  lenffth  to  the  Radius. 

It  will  be  noticed  that  the  angle  subtended  by  a  chord 
0.111,.  I  in  tlio  radius  is  60°,  so  that  a  rmlian  will  be  sii-ditlv 

less  tliaii  (Ur.  ^ 

It  will  >lu>rtly  1)0  sppu  that  tlio  aii-lo  is  of  cmsfcuit 
nia-iiitude  and  in  no  way  varies  with  the  diiiionsions  of 
the  circle,  otherwise  of  course  it  could  not  he  used  as  a  unit 
of  uieasuremeut. 

66.  To  measure  any  angle  in  terms  of  a  Radian. 
Let  AOP  be  the  angle. 


Fig.  60. 

With  centre  O  and  any  radius  (/•)  draw  a  circle  APB 
and  supiwse  the  arc  AB  =  r,  AP  =  ar.  Then 

Z  AOB  =  1  radian. 

Suice  angles  at  the  centre  of  a  circle  are  projwrtioiuil  to 
the  arcs  on  which  they  stand,  we  liave 

L  AOP  a- 

1  radian    r  ' 

:.  the  number  of  radians  in  i.  AOP  is  -. 

r 

^  ITeiico  if  0  be  the  number  of  radians  in  an  angle  which 
IS  subtended  at  the  centre  of  a  circle  of  radius  r  by  an  arc 
of  length  a;  wo  have 
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67.    If  tl»e  aiii,'le  at  the  centre  of  the  circle  is  180°,  we 


lave 


_180''  _  seuiieircuuifcrenctj 
1  radian  r 


irr 

r 


:.  180°  =  IT  radians; 


1  radian  = 


-  '}7  1 7  44"  ai)i)r()xiniately, 
and  is  tliereforo  of  constant  ma^^nitnde. 

It  is  important  to  reineniber  that  tt  denotes  a  number, 
namely,  tlio  ratio  of  the  circnraference  of  a  circle  to  its 
diameter,  wlu.-li  is  apiuoximately  S'MIG;  but  it  is  usual  to 
.speak  uf  "tlie  an-lo  tt,"  meaning  an  angle  of  tt  radians, 
which  is  1S()°. 

Similarly  "the  angle  |"  means  an  angle  of  ^  radians, 
which  is  60'. 

Example  (i). 

Express  20''  14'  in  radian  measure. 
We  have  20°  14' =20,^°, 

20. 

=  j     TT  railians 

60777  J. 
=5400 

=  •3532  radians. 

Example  (ii). 

Ass!!!!!!!!-  tl-o  oriit]-;  ;  V.C  ;i  r-plu-ic  .f  4tK)0  miles  raxlius,  find 
the  (h.stmco  mciusured  on  the  earths  surface  In^twcen  two  places 
on  the  same  meridian  whose  latituu    are  55=  16'  and  37°  40'. 
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Let  A,  B  represent  the  two  plicos,  and  C  tho  imiut  where  the 
mendian  through  A  and  B  meets  the  equator. 


.    arc  AB  =  '    ,^    x  ■4(  m  !0  luilea 


=  1 230  miles  approx. 
Or  thus,  from  first  principles 

arc  AB  _  17^^" 
2B^x4000~3eO^' 


Examples.   IX  a. 

o,.o  \  ^-^Prt^^a  ill  radian  measure  as  a  fraction  of  «•  the  angles 

30,  150",  m",  74"  35'.  * 

2.  Express  ii,  sexagesimal  measure  tho  angles  whose  radian 

meiusures  are  -    ^  ^ 

4  '  3  '   7  '  3  • 

3.  Find,  to  2  places  of  decimals,  the  radian  measures  of 
r2  15',  47^^24',  134' 13'. 
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4.    Kxprcss  in  8oxii-,<t  siiiial  measure,  to  tho  nearest  niinnte, 

tho  angles  \-2i,  -03  radians 

ii.  Find  tlm  lengtli  of  the  arc  of  a  vin  ]o  of  12  i-m.  radius, 
which  subtends  an  angle  of  40'  at  the  centre.  Answer  to  the 
ncjtrest  millimetre. 

f  ().    Find  tJic  iiuihIm  t  of  radians  in  the  angle  .sul)tcn.lod  at 

ll.o  ,.,.ntiv  of  a  ciicli.  of  radius  T.  ft.  I.y  an  are  3  inches  long. 

7.  Express  in  radians  tlic  angle  turned  through  hy  the 
minute  hand  of  a  clock  in  20  minutes. 

8.  An  angle  whose  radian  measure  is  -4.-)  is  subtend.'d  at 
the  centre  of  a  cir.;.-  by  an  arc  4  inches  long;  find  the  radius 
of  the  circle. 

9.  Find  the  nunilK;r  of  degi-ees  in  the  angk  subtended  at 
the  centre  of  a  circle  of  10  cms.  diameter  by  an  arc  of  length 
4  cms. 

10.  Express  in  degrees  and  in  radians  the  angle  of  a  re-'ular 
figure  of  8  sides.  ° 

U.  The  length  of  a  degree  of  latitude  on  the  earth's  surface 
being  0!»]  miles,  find  the  radius  of  the  earth. 

12.  A  wheel  makes  20  revolutions  ■  i>er  second;  how  long 
will  it  take  to  turn  through  5  radians? 

13.  The  circumference  of  a  circle  is  found  by  measurement 
to  be  21-43  cms.  with  a  possible  error  of  1  mm.  ^find  its  radius 
as  accurately  as  this  measurement  justifies. 

14.  The  distance  between  two  places  on  the  equator  is 
150  miles;  fui.l  their  difTi'rcneo  in  longitude.  T.ike  tho  radius 
of  the  earth  to  l,e  4(Mn)  miles,  con-.vt  to  two  'significant  figures. 

15.  The  driving  wheel  of  a  locomotive  engine  6  ft.  in 
diameter  makes  3  revolutions  in  a  second.  Find  approximately 
the  number  of  miles  the  train  passes  over  in  an  hour. 

^  16.    By  considering  regular  hexagons  inscribed  in,  and 

.  '  i-;re;;c,    :srio->v   ihaL    I'lo    ratio    of  tho 

Circumference  of  a  circle  to  its  diameter  lies  between  3  •  1 
and  2v^3  : 1. 
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17.  Find  the  distanoo  on  tho  earth's  surface  l)ctwocn  two 
places  oil  til.-  ...uii.!  inci-idiau  wIk.so  latitudes  are  23"  N.  and 
Ifi  "^^ix'^'i'^-i'b-;  asstiini..-  tlio  eartli  to  Ik,  a  sphere  of 
4(XX)  miles  radius,  com>a  to  2  siguiticaiit  figures. 

18.  Two  circles  wliose  centres  are  A  and  B  and  radii  1-8  in 
and  OG  HI.  respectively  are  placed  ho  as  to  touch  one  another 
externally  at  0.  A  lino  is  drawn  to  touch  the  first  circle  at  P 
and  the  ^ond  circ  le  at  Q.  Caicdaro  ti,e  lengths  of  tho  common 
tangent  PQ  and  of  the  arcs  PC,  CQ. 

m.  A  band  is  stretched  tightly  round  two  wheels  of  radii 
i  ft.  aii.l  4  ft.  resiK^ctlN-ely  wliose  c.  iitros  are  10  ft.  apart.  Find 
tho  total  length  of  tlie  baud  to  the  nearest  inch. 

68.    Limiting  values. 

Let  an  arc  BB'  of  a  circle  subtend  an  an^jle  of  2$  radians 
at  the  centre  O. 


Fig.  62. 

Draw  BT,  B'T  the  tangents  at  B  and  B'.  Join  BB' 
and  OT. 

We  shall  assume  tliat  chord  BB'  <arc  BAB'  <  BT  +  TB'. 

(A^'ote.    A  rinid  proof  that  arc  BAB'  <  BT  +  TB'  is  diffi- 
cult and  is  lioyoud  the  scope  of  this  book.) 
Jlence  we  have 

BC    arc  BA  BT 
OB^    OB  "^OB* 
i.e.  sin  5,  6,  tantf 
are  in  ascending  order  of  magnitude. 
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Dividing  by  sin  6,  we  have 

arc  ill  ascc'iidiii^'  order  of  iiia^niitudo. 

Now  as  6  apjtroaclies  tlii^  value  zero,  t^vr.O  npiin»aciit!s 

unity  ;  .'.  sinco        ^^^^  bftween  1  and  sec^,  wo  have  that 

tlio  limitiiiL'  valuo  of  .  ^  , ,  when  ^  -*()  is  1. 

sin  0 

Using  the  notation  of  Art.  27,  we  have 

Again,  by  dividing  sin  d,  6,  tan  6  by  tan  0,  we  have 

in  ascending  order  of  magnitn 

And  as  ^  api»roaches  zei  >,       0  approaches  unity ; 

From  tlie  results  (1)  and  (l>)  we  see  that,  if  tlio  an-lo  is 
small,  we  may  use  its  radian  mea-'  ;re  in  place  of  its  sine  or 
tangent. 

We  may  verify  this  by  means  of  the  tables. 
Thus 

radian  measure  of  3°  =  •0524, 
sin  3°  =  -052.% 
till!  3°  -  -0524. 
For  still  smaller  au-les  the  dopvo  of  accuracy  may  "be 
estimated  from  the  following  extract  from  7-tigure  tables: 
sinlO'=  *{X)29089, 
tan  10'= -0029089, 
radian  measure  of  10'  =  '0029089 ; 
siu  10'-  -0055268, 
tan  in' =  -0055200, 
radian  measuro  of  19'=  '0055269. 
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69.    To  find  the  area  of  a  circle. 
_     Sui)i)o.se  a  reguhu-  i,uiy.nu  abc  of si.lc.  t„  ho  ins<Til,e.l 
m  the  O,  and  one  of  n  sides  A'B'C  to  l.o  ucscihod  about 
the  O. 


Fig.  H-.i. 

'J'IjOII  aiX'it,  (if  ili-c|  il,|.,I  ])(ily  ..,,i| 

//  .  !.OA.  OB  siii  AOB 


?~siu  — . 
n 


'2 


Area  of  circinuserihed  poly^ 

-  n  .  I  A'B' .  OA 
=  ».  AA'.  OA 

=  7*  .  AO  tan  -  .  OA 

n 

tun  - . 
n 

LJJtTi  "!  I'owever 
gre.it  tliL-  iiimilpor  ot  .skU.s  may  be. 

Now  Avlieu  71  is  made  infinitely  great 


mil 


am 


II  'Jtt 
2^       n  27r 


11 


by  Art.  68, 


n 


since 


T        ^~  ^ 


p.  F. 
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Abo 

tnn 

I)    ///■'tuii         L  nr.    .  — 

n 

tun 

-    Jj     TT/  -  .  — —     irr  ; 

.".  umi  of  circle  =  wifl. 

70.  Area  of  a  sector  of  a  circle. 

If  a  sector  of  a  circle  contiiia  an  aii<,'le  of  6  radians  at 
tlio  (•(Mltn^  sinco  sectors  are  j)ro})ortional  to  tho  an<,'lo.s  they 
couUiin,  we  luivr  : 

area  of  xM'tor      0  iM.Hans 
area  (it  circle     ^tt  radians  ' 

. .  area  ot  sector  -  -  -  .  irr^   —  . 

2ir  2 

This  result  may  lie  written  lr(0r)  ^  Ir.r -whvru  a;  in  die 
length  of  arc  subtenddl  by  6, 

71.  If  a  distant  object  subtend  a  small  angle  at  the 
point  of  observation,  mo  can  find  a  fonnula  coinieetini,'  tlic 
radian  measure  of  tlie  angle,  and  the  approximate  length 

and  iiistance  of  the  object. 

Let  /,  il  lie  respectively  the  appruxiniato  length  and 
distance  of  the  object,  and  let  6  be  the  radian  measure  of 
the  object  subtended.  Then  the  relation  between  these 
three  quantities  is 

If  we  consider  the  length  of  tlic  oliject  as  the  length  of 
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an  arc  of  a  cirr.lo  of  ,a.li..,s wo  havo  th«  ahuy^  u.ruiula 
ut  onco  from  Article  6«. 


Fig.  65. 

m,  i.so.scelcs  tnaiiglo  of  th.  altiLudc  is  c/,  have 

^  ^  Uiti  *^ 
2  2 

siiico  e  is  siimll,  Art.  t'.H  ; 

Hivcn  that  Iho  sun  wil)ti.|uls  ;tii  ar:-]o  .  ,r  -v  ,f        ;  f  .i 

IJuU  tho  hiiu's  Uiameter.  mia.^, 

Tlio  riidiaa  measure  of  32'=  . 

COx  180' 


thediaiuetcr  (if  thomiu 


•Ha^x  lO'i 
-85G0(X)niile«. 


l('-;i2=  i-r,05i 

Iu<,'7r  =^  •4!)72 
log  92  =^0038 


log  .;o=  1-7782 
log  ltt(>  =  2-2553 

1  9326  =  log -8563 


Hi^mca'nf  ^fi"''  ^'^  ^'^r  Jt  to  two 

Trl  T  ^"'^  °"  alK,ve  answer  to 
more  than  two  tii/ums    H-' -        r  '     ■  •  -  "'"'"'''^  ^ 

860.000  ^iles.  Al.o  it  should  bo^  r^W^  tl^f;::.^ 
n^tan.ed  by  n^eans  of  four  fig„^  tables  cannot  be  .  Jted  t 
!>«  accurata  to  more  thaa  three  figures.  M>ected  to 

9—2 
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72.   Dip  of  the  Horizon. 

Lot  ATB  rcpicsciit  tlio  oartli,  mikI  O  the  position  of  an 
observer;  tlieu  if  taiigeiits  bo  drawn  i'rom  O  to  the  earth's 


surface  tliey  will  t^)uch  the  earth  in  a  circle,  called  the 
Yisiiilo  Ildrizoii. 

If  OH  ]>o       limi/i.iit.il  tlu'ough  O  the  angle  HOT 

i.s  called  tlio  l)!})  of  llie  llori/.nu. 

Kr.  Find  the  dip  of  the  horizon  from  i\  point  2iX)  foot  iilx)ve 
sea-U'Vul,  a.ssuming  the  earth  a  spliere  of  rathus  4000  miles. 

From  the  fiqiiro  l  H0T  =  ^  TOO  and  OT2=OA.OB,  where  B 
is  ilin  otlicr  cxI  i-cniitv  of  1h(3  diaiiu  tri-.  If  r  bo  the  radiiis  of  the 
earth  and  A  thu  Iciitj'th  of  OA  in  miles, 

OT2=A(2r+//), 

liiit  siiu  n  /.  is  ^  o^v  .small  comimred  with  r,  A*  in  no  small  that  it 
may  lio  neglected  ; 

.-.  OT  =  \^iirA. 
This  i  s  calh^d  the  Distance  of  the  Horizon. 
Also  hince  d  is  a  very  small  angle, 

fi  radian,s=tan  91^^A=.M. 

TO       r       V  »•  * 

,•.  the  numlior  of  minutes  in  ^    \/—'  x^-^x(jO 

  \      /•  IT 

/      i^xi'ou  180x00 
"V  4000x1760  x  3  ^   3-142  "l*"^' 
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Examples.    IX  b. 

1.  Find  the  uroa  of  a  circle  of  10  im-Iies  radius. 

2.  Find  the  radius  of  a  circle  who.se  art-a  is  4-2r,-2i  cm.s. 
3     AVhat  is  the  area  of  a  sector  of  a  circle  of  radius  4  ft 

wnch  i«  l,,.u,HhHl  l.v  two  radii  i,H  !in..d  ,.t  an  an,!,.  .,f  GO"? 
Also  find  the  area  of  the  seguumt  bounded  by  the  chord  joining 
the  extremities  of  these  radii.  ^ 

U  •'*:,,/w     '"'T'  '''■^'"^■t"'-      the  m.H.n  being  31' when 

It  IS  a4(),(X>0  uulus  auay,  lind  the  di,an,.tcr  in  miles. 

5.    If  the  s,m  is  Ulix  hfi  niile.s  dist^uit,  and  .subtends  at  the 
earth  an  angle  of  -0093  radians,  find  its  diameter. 

^^'^  M>  ligIithou.se 

..f  a^liff^ft:h!;.f  ^'^''^^  "'^ 

8.  Two  lighthouses,  e,,u  h  -ou  ft.  high,  are  so  placed  that  the 
..gilt  of  cac-h  IS  just  visible  from  tlie  other;  what  is  the  distance 

iMjtween  the  lighthouses  I 

9.  From  tlie  formula  cos  e  =  l  ~  2  t^m^j,  l"'-ve  th.tt  if  B  be 
■ui  acute  .uigle  .,,,sf;  li,.s  Initweeu  1  and  i  - 

10.  l)educc  from  the  alwvo  msulfc  that  .sin ^  lies  Iji^tween  3 

and  6-^-. 
-) 

•   ]!:,  -"'"^^^        ^^"''■■^"^)  f'"'      «niaU  angle,  find 

con-eot  to  three  .sigiiihcant  li^ure.s. 

1:2.    If  d  l«  very  small,  prove  that  api.ro.xiniately 
sin  („  +  ^i  =  .sin  a  +  ^cosfi, 
eos  (u  +  ^;=cos  ,1-^sin  „ 
tjin  (a  +  (9)  =  tan  a  +  (9  sex:-'  a. 
13.    Prove  that  api>roxiniat..ly  the  height  of  an  obj.vt  in  feet 
is  equal  to  ''■•'^<^''"t--o  m  .vards  x  elevation  in  doL'nys 

li)   • 

1  b    Taking  the  diani..ter  of  a  halfpemiy  to  Ini  1  inch  find  it 
what  (h.st.-inre  it  will  sul.trnd  I   ;it  th,.  rw.  ' 

1.-'.  Kuid  the  perimeter  and  aiv.t  .,f  the  c.vs,..nt  .hanod 
hguro  lK>nnded  by  the  arcs  of  two  e.jn.d  circles  of  radiua 
J  Ulchea  whoso  centres  are  4  inches  ajwrt. 


134 


PRACTICAL  TRIGONOMETRY 


Miscellaaieoas  Examples.  O. 

1.  The  latitude  of  London  is  51°  N.  and  the  radius  of 

the  earth  40(»0  niilos.  How  far  is  Lomlm  from  tlie  equator 
measured  alony  the  earth's  surfiice  and  how  far  from  the  earth's 

&X\ii  ? 

2.  A  man  standing  beside  one  niilostono  on  a  .straii,'lit  road 
observes  that  the  foot  of  the  next  milestone  is  on  a  level  with 
his  eyes,  and  that  its  lieight  subtemls  an  angle  of  2'  55".  Find 
the  ai>proximato  height  of  that  milestone. 

3.  A  rod  ABC  of  length  7  ft.  is  held  vertically  at  a  Doint  C 
on  the  side  of  a  liill.  From  a  point  E  at  the  foot  the  angle  of 
elevation  of  A,  the  top  of  the  rod,  is  "°  W  and  of  B  a  point  on 
the  rod  3  ft.  fi  oni  the  bottom  the  angle  of  elevation  is  7°  18'. 
Find  the  vertical  height  of  0  above  E. 

4.  If  D  lie  tlie  mid-point  of  BC  in  the  triangle  ABC,  prove 
that 

cot  CDA  =  i  (cot  B  -  cot  C). 

5.  Two  tangents  are  drawn  to  a  circle  of  radius  4"  fiom  a 
point  10"  from  its  centre.  Find  the  lengths  of  the  two  arcs 
between  tiie  iwints  of  contact 


C.  XAY  is  a  .straight  line,  AO  a  line  3  cms.  long  i>eri)en- 
dicnlar  to  XAY,  P  is  a  point  in  XA,  and  the  angle  OPA  is 
0  radians.  With  ceiitro  P  and  radius  PO  the  circular  ai-c  OB 
is  drawn  to  tlie  line  XAY  and  the  tangent  OC  to  this  arc  meets 
XAY  in  C.  Supi>ose  P  to  move  continually  away  from  A  along 
AX  anil  show  what  values  the  angle  6,  the  arc  OB,  the  straight 

une  uc,        ,        ,  approach  as  P  moves  away. 

Express  5°  in  radians,  and  compare  it  with  the  values  of 
sin  5°  and  tan  5  given  by  the  tables. 

7.  How  many  miles  an  hour  does  London  move  in  con- 
sequence of  tho  rotation  <,f  the  earth?  Take  the  earth  as  a 
sphere  of  radius  3LIUU  mis.    London  is  in  ktitude  61"  30*  N. 


RADIAN  OB  CIRCULAR  MEASURE  OP  ANGLES  135 

_  8.  A  man  is  on  tlio  perimeter  of  a  circular  space,  and 
wishmg  to  know  its  diameter,  he  selects  two  joints  in  the 
boundary  a  furl-ng  apart,  which  at  a  third  p..int  al:so  in  the 
boundary,  subtend  an  angle  of  43'.  Find  the  diameter  to 
the  nearest  foot 

9.  Find  the  radius  of  a  sphero  whoso  vohuao  is  21G-8cc 
given  volume=Jn-r3,  «-=3142.  *  '' 

10.  What  is  the  distance  of  the  visible  horizon  from  the 
mast  of  a  ship  80  feet  high  ? 


11.  I  rom  a  (pia(h-ant  AB  of  a  rirclo  an  arc  AP  is  marked  off 
subtenduig  an  angle  of  at  the  centre.  A  circle  with  centro  A 
passes  through  P  and  cuts  the  chord  AB  in  P*.  Express  AP'  ii 
tonus  of  .7-.  Suppose  the  chord  -r.i.Iuated  so  tliat  every  point  P' 
corresponding  to  an  integral  value  of  x  is  marked  .r.  1  [ow  t-. mid 
you  from  a  ruler  graduated  like  this  chord  construct  an  angle  of 
given  magnitude? 

1 2.  Show  that  if  an  object  of  height  A  at  a  distance  d  from 
the  observer  subtends  a  small  angle  of  A  degrees  at  his  iKwition, 

then  roughly  Use  this  to  find  the  height  of  a  tower 

which  subtends  an  angle  of  9'  at  a  point  170  yards  away. 

13.  A  girder  to  carry  a  bridge  is  in  the  form  of  a  circular 

arc  :  the  lengtli  of  the  span  is  120  ft.  and  the  rise  of  tlio  arch 
(i.e.  tlie  height  of  the  middle  above  the  ends)  is  25  ft.  Find  the 
angle  sul)teiidcHi  by  the  arc  at  the  centre  of  the  circle  and  the 
radiua  of  the  circle. 

14.  Find  the  value  of  (-03642)*  x  cos  61"  23'. 

15.  If  the  light  from  a  lighthouse  250  ft.  high  can  just  Ihj 
seen  frn„i  the  ton  of  a  mast  80  ft.  high,  find  the  appro.ximate 
distance  of  the  slnj)  from  the  lighthouse,  assuming  the  earth  a 
si)here  of  4000  mis.  radius. 


1  <!.  Takinfr  sin  (in  radians)  for  small  angles,  find  sin 26' 
correct  to  four  significant  figures. 
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17.  Two  i)l;ices  A-.'ind  B  on  tlio  e.u-tli'a  .surf;u  o  ;uo  .m  the 
same  i«irallul  of  latitude  52"  30'.  The  dittereuce  of  tlicir  loiK'i- 
tudes  is  32°  15'.  Take  the  earth  as  a  sphere  of  such  size  that  a 
mile  on  tlio  surface  .sul.teiids  an  angle  of  1'  at  the  centre,  and 
find  (i)  ther;ulius  of  the  parallel  of  latitude  on  wliich  A  and  B 
lie,  (ii)  the  distance  in  a  straight  line  between  A  and  B,  and 
(iii)  the  distance  l)etween  A  and  B  along  a  great  circle,  i.e.  along 
a  circle  which  passes  tiirough  these  points  and  has  its  centre  at 
the  centre  of  tlie  earth. 

IH.  A  circle  of  radius  r  rolls  on  a  horizonfcil  straight  line. 
A  iM)int  P  on  the  circle  coincides  with  a  point  O  on  the  "straight 
line  and  after  ti.e  circle  has  rotated  through  an  angle  6  the 
horizontal  and  verli<  al  distaucrs  .,f  P  from  O  are  x  and  y. 

Prove  .'■=ri^-r^me,    ,y  = /•  -  r  cos 

li).  The  liguro  is  a  rough  wketcli  of  a  railway  fi'oni  A  to  B 
which  IS  made  up  of  three  straight  pieces  an.l  two  circular  area 
Calculate  the  length  of  the  raUway  from  A  to  B 


Jtcut. 
ISOuUns 


Ihul 


Fig.  67. 

20.  A  chasm  in  lewl  ground  is  hounded  hv  ].aiM]lcl  vertical 
sides.  The  dei.th  AB  of  the  cha>ni  at  A  is  wan'tcd,  and,  it  l„.i,',<r 
impossihleto  take  measurements  from  C,  the  jtoint  opposite  a" 
a  iwHut  D  50  yards  along  the  side  fmm  c  is  .  hr.sen.  The  anc^le 
ADB  IS      and  the  angle  ADC  is  5i!  .    l^iud  the  depth  of  AB.  ° 

21  The  vertical  ...gle  A  uf  a  triangle  ABC  is  bisected  hy 
AK  whicli  meets  the  base  BC  in  K. 


Provi 


AR  =  r-—  cos  , . 


22     On  the  base  BC  of  a  triangle  ABC  fus  hspotem.se,  an 

~  ••o-       i--;.i..,_:c  IS  (UMiiiHiU  Jiavig  lis  tliird 

verte.\  P  on  tlie  same  side  of  BC  ,i-  A. 

Prove  that         SPA^^  6^  +    _  -jOc  sm  A. 
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23.  Plot  out  the  points  A  ( -2,  - 1),  p  (i,  4)^  q  (4,  1). 

tan  BAG  =  S 

24.  A  .sti-aiglit  ladder,  80  ft.  long,  rests  with  one  ond  on 
honzonta  gronnd,  60  ft.  away  from  the  wall  of  a  house,  and  t^o 

fiO-  /     '      r  ^     ■^'"1-  of  the  roof  i.s 

ttwwT"'^'    Calculate  the  inclination  of  the  ladder  to 

If  f  W         ^''"^  °^         tripod  are  4  ft.  lon-r 

If  they  arc  supposed  to  u.eet  at  O  and  arc  placed  with  the?; 
other  extrenaue.  on  a  horizontal  plane,  prove  ,l,a,  O  is  .'tieX 
over  tho  centre  of  the  cin^umscribing  circle  of  ABC.    If  the  1 2 

uLThu.:  ABa  '^^^^^  «^  °  ^ 

26.    ABCD  is  a  rect^mgle.    AB  =  a,  BC  =  6.    b  is  joined  to  a 
point  F  m  AD  and  DE  is  drawn  perpendicular  to  BF  Zlu!:! 
If  ABF-"  r    ■  ■  ^  • 


„  .  P''"'je^tion  the  length  of  DE  and  prove  th 

the  area  of  BDF  ,s  i  a  (/, tan  $).  ^ 

27.  Find  .v  and    from  t  he  equations 

A-  cos  <9  +^  .sin  ^ = a,        +^  ^ 

28.  A  cyln.der  of  radius  r  is  placed  between  two  inclined 
l.lanes  sloping  m  opposite  direc  tions,  the  .vis  of  tl,.  ,  vK  , 
being  p«.allel  to  the  line  of  intersec'ion  o    ,  0  1  ^s  '  th: 
planes  are  inclin.d  to  the  horizontal  at  angler/a, '  S  ^ 

I.,  .  .ortaiu  trianglo  fan  ^.  J  and  tan  S_S,  fi„d  tan? 

and  ])rove  a  +  &  =  2c.  ^ 

30.  Sketch  the  graph  of  the  expre8.sion  tan  a- -2  sin  r  for 
values  of  ^lM>t.ween      ..  =  ..1  i  wn*-  ^sln.^lor 

the  equation  tan      2  shi  ;=  07.  approximately 


'f 


ll 
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31.  A  vertical  pole  of  height  /<  subtcmls  an  angle  a  at  a  point 
O  in  a  horizoiitul  plaiio  thmir^h  the  foot  of  tlic  pole.  Show  that 
the  vertical  height  that  must  be  added  to  tlie  polo  so  that  the 
added  portion  also  subtends  an  angle  a  at  O  is  Asoc  2(i. 

32.  Two  circles,  of  radii  a,  h,  touch  each  other  externally : 
0  is  the  angle  contained  by  the  common  tangents  to  these 

circles. 


Prove  that 


sin  6=: 


4(<i  -  b) 


33.  Two  points  P,  Q  are  taken  on  a  circle  of  centre  C  and 
the  chord  PQ  is  drawn  subtending  0  radians  at  the  centits. 
Prove  that  if  the  larger  of  the  two  segments  into  which  the 

circle  is  divided  is  5  times  the  smaller,  then  d  — sind=  — . 

3 

34.  O  is  tlie  mid-point  of  the  biise  AB  of  a  triangle  ABC  and 
I  is  the  centre  of  the  inscribed  circle  of  the  triangle.  ID  is 
drawn  jwrpendicular  to  AB.    If  OD=sx  and  DIsy  prove 


.,    .  .,  =  .  usetan 

C--A.V       s        \  2  / 


ZL     Tlirough  the  centre  O  of  the  circumscribing  circle  of  a 

triangle  ABC  a  straight  line  is  drawn  parallel  to  the  side  BC  to 

meet  the  other  two  sides  at  D  and  E  respectively.   If  DE=d; 

,  X     cos(B  — C) 

prove  that  -  =     .  —  — ; — '-  . 

a    2  sm  B  sm  G 


CHAPTER  X. 


ANGLES  WHICH  ARE  NOT  IN  ONE  PLANE. 

fl  ^f  'a  ''''^  1'*"^'"  '■ei""i'li"o'  the  reader  of  some  of 
the  definitions  and  theorems  of  Solid  (je.nnetry. 

(U    'I'l'o  intersection  of  two  planes  is  a  straight  line. 

(-2)  The  an-le  l.etweea  two  planes  is  tlie  un.de  be- 
tween two  straight  lines  drawn  from  any  ],oint  in  the  li.io 
of  intersection  of  the  planes  and  porpendi.-ular  to  it,  one 
being  lu  each  plane. 


Fig.  68. 

Thus  in  the  fi^.ire,  XY  is  the  line  of  intersection  of  the 
two  planes  AXY,  BXY. 
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Also  if  PQ,  PR  are  both  perpendicular  to  XY,  and  one  of 
tlieia  lies  in  the  ])Liii(>  AXY  niid  the  otlior  in  the  plane  BXY, 
then    QPR  is  the  angle  between  the  planes. 

(3)  The  angle  a  straight  line  makes  with  a  plane  is  the 
angle  between  the  straight  line  and  its  projection  on  the 
plane. 

(4)  If  a  straight  line  is  i)eq)endicular  to  etujhoftwo 

intersecting  .stniight  lines  it  is  ])erpen(liciil.ar  to  the  plane 
which  contains  them  ;  that  is,  it  is  ]»erpendicular  to  every 
straight  lino  in  that  i)lanc  which  meets  it. 

(5)  if  N  he  the  foot  of  the  i)eq)endicular  from  a  ])oint  P 
to  a  plane,  and  Q  lie  the  foot  of  the  ])erpen(licular  drawn 
from  N  to  any  straight  lino  XY  uu  the  i)lane,  then  XY  is 
perpendicular  to  the  plane  PNQ. 


P 


Y 


Fig.  69. 

Tims  in  the  figure,  FN  is  per}iendicular  to  every  sti  aight 
lino  which  lies  in  the  jilane  NXY  ;ind  jiasses  throngh  N. 

>t\i  l.-s    iiiu  jirnjiCiiiiil  in    I'U  iiii  Tin';  jiiaiiO,  aiiil  PUN  i.-s  liu; 

angle  of  inclination  of  PQ  to  the  plane.  XY  is  perpendicular 
to  the  plane  PNQ. 
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Example  (i). 


Pig.  70. 

OX^t.^^'lo^OR  Pl'J""  "taking  tl.o  .u.gle  a  with 

To  find 

(1)  The  angle  AOB. 

(2)  Tho  inc  lii,  itioii  of  tho  plane  AOB  to  ihe  horizon. 
From  any  poi,.t  P  i„  OB  dnuv  PN  perpendicular  to  OX.  and 

draw  NQ  perpendicular  to  OA.  ' 

Then  PQ  is  perpendicular  to  OA.   [Art.  73  (r,).] 

OQ=ONc<ia 

=  OPcoti/3co8a; 


Again 


OQ 

cos  L  AOB  =      =cos  a  cos/3. 


PN=ONt.in/3, 

aN  =  ON.siii„, 
Now  tho  indination  of  AOB  to  tho  liori/,,,. 


and  we  have 


PN 

tan  L  PQN  =  _ 
QN 

_  t;xn/3 

sina ' 


-^PQN,   [Art.  V 


■3(2)] 
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K.mmph',  (ii) 

A  (li'sk  .slnjM<s  at  1")'  to  tlio  li..fi/.iii  ;  find  tlio  inclituUion  to 
the  hori/ou  of  ;i  line  on  the  desk  which  mako«  40"  with  the  line 
of  greatest  Hlo{)e. 


Fig.  71. 


Let  AE  bo  the  intersection  of  the;  piano  of  tlio  desk  with  a 
horizontal  i)lano.  Also  lot  AC  l>o  a  line  of  greutoat  sloiio,  and 
AD  tlio  lino  on  the  desk  making  40°  with  AC.  Take  any  iioint 
D  in  AD. 

Draw  DE  parallel  to  AC,  and  DF  porpendicular  to  the 
horizontal  piano  ;  then  e  is  the  angle  required. 

Xow  ^DEF=l.r, 
and  we  have  DF  =  DE  win  15° 

=  DA  cos  40°  sin  15  , 
^>inc«^  DEA  is  a  right  angle. 

.-.  si„^=^^- 
DA 

=ca«i40''sinl5''; 
.  logsintf=T-2973; 

.-.  ^=ir  2fi' 

approximately. 


log  cos  40  '=^^  1-88  (.3 
log  sin  15°.=  i  -4i:iO 

1-2973 
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£xample  (Vn). 

that  their  .shortest  .sules  n„„c  i,lc,  and  tho  angle  iKjtween  the  mt 
aquams  .s  40'.    Fin.l  tl.e  angle  Iwtwoeii  the  longtwt  «ido8. 

angl^ D^C^'  '^""''^  "^i'""^ 

^^Now  -i.CBD  =  40^;  an.l  if  E  1,.  tlio  luiadlo  jH^int  of  CD,  we 

CE-^4biu  20' J 


.*.  BHiCAE 


4  sin  20" 

--5— 


and 


CAE  =  15°  53* 
^CAD=3r46'n  d 
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ll.rmupla  (iv). 

Tlio  fiLjiiro  nsprfnents  a  nx^tjiiigi.  n-     .s  of  which  i  sidoH 


uio      4,  U  feet. 


 1  

4  / 

f 

f  ^^^^ 

C 

Fig.  7a 

F. 


U 


(1)  The  anglo  iiimio  by  the  pluiic  ABHE  with  tl      iaiie  ABGF 

==5=tan-»5  -tan-»  1-6667=  ">9"' -2'. 

(2)  To  find  tlio  angle  lietwecn  the  planes  AEC  find  ADEF ; 
;lrM    DN  |  .<Ti»Mi<ii.'ul,ir  to  AE  ;  tli   !  CN  is  also  i^q*.  iidicular 
AE.    'I'lii  ii     is  tho  an.L'lp  rcquircii 

have  DN  =  DEislnDEA  =  3x    '  =    '-,  since  At  -- ./34  ; 


DC     4  ^'.■i4 


ON 


15 


A  leg  34=  -Tt)")? 

log  15=i-i7{i 


(."i)    To  liiid  t'lio  angle  CAE,  we  have 

CN-  x'CL»-  +  DN2=.^/l6+^  y 


1917 


and         CA  ^\''l(J+2''=>  i  i  ; 
CN 


>iiiCAE  = 


CA 


V  3^  '  ^  V  34x41' 
.-.  ^CAE=47'"58'. 


i(»K7t;!>-  :J-8vS.'.f,t 

Icj  ;••  i-5:ji.) 
log  4   =  i-ci-js 
:i,  [•74lt{ 
i-8708 
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K.ta  III  file  (v). 

To  firiil  tho  aiiL'Ic      «,  on  ♦«'.,  r.  e 


\ 


uro,        ]f.t     l>e  the 


J.''t  D,  A,  B,  C  1)0  t;  rii, 
pej.'  'n^u'""      '  /s     *  ^•'^'t  the 

••      N      ^.:     ..,„]■  - 


BC. 


DN  is  l>eri)endicular  to 


-  ^  l-'*"  nnil-iK)iiit,  anil  bisects 
>iui.      .'  Bm     ^ta  the  angle  ABC. 


-:a=o 


2^3' 
2  ' 


EN 


EC 

= cos -1-3333 
-70' 32'. 


=  COS    '  \ 


And        is  the  angle  between  two  faces. 
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Examples.   X  a. 

1.  Find  thu  anglo  bctwctn  a  iliagunal  of  a  cuLhj  and  a 
diagonal  of  one  of  the  faces  which  moeta  it 

2.  Find  the  angle  between  the  diagonals  of  any  two  adj.vcent 

faces  of  a  cube. 

3.  The  edges  of  a  rectangular  [k>\  are  4,  3,  G  inches  ;  find 
the  leiigtli  of  a  diagonal  of  the  box,  and  the  angle  it  makes  with 

the  l<(ii;^fest  ,sidi'. 

4.  A  triangle  whose  sides  ;in!  as  3:1:  .")  is  inrlined  to  the 
liorizon  at  an  angle  of  3;')-,  and  the  longest  .side  is  horizontal. 
Wliat  are  the  inclinations  of  the  other  sides  to  the  horizon  ? 

n.  A  lectangle  G  ft.  by  4  ft.  is  turned  about  the  shorter  side 
through  an  angle  of  40' ;  lind  the  angle  between  the  two  positions 
of  one  of  the  diagonals. 

6.  A  desk  sloiHis  at  15°  to  the  horizon  and  AB,  the  lower 
edge  of  it,  is  horizontal.  A  .straight  line  AC  is  drawn  on  the 
desk  making  35  with  the  hjwer  edge  and  of  length  20  inches. 
(1)  How  far  is  C  from  AB  ?  (2;  How  far  is  C  above  the  hori- 
zontal plane  through  AB  ?  (3)  What  is  the  inclination  of  AC  to 
the  horizontal  plane  ? 

7.  All  the  edges  of  a  pyramid  are  of- length  a  and  its  base 
is  a  square.  Find  the  angle  between  one  of  the  slant  edges  and 
the  diagonal  of  the  base  which  meets  it.    Find  also  the  altitude 

of  the  ligure. 

8.  A  square  of  side  5"  rests  on  one  edge  and  is  inclineil  at 
an  angle  of  35°  to  the  horizontal  plane.  Find  the  angle  between 
a  diagonal  and  its  i)rojection  on  the  plane. 

9.  A  rectangle  5  ft.  by  4  ft.  rests  with  its  longer  edge  on  a 
horizontal  plane  and  is  inclined  at  an  angle  of  52°  to  this  plana 
Fmd  the  length  t.f  the  projection  of  a  diagonal  of  this  rectangle 
on  the  plane  and  the  angle  between  the  diagonal  and  its  pro- 
jection. 

10.  An  isost;eles  triangle,  ba.se  BC,  8",  equal  sides  AB,  AC, 
12",  rests  with  its  base  on  a  horizontal  plane  and  is  tilted  over 
until  it  makes  an  .atigle  of  40°  with  the  plane.  Find  the  heiLrlit 
of  the  \  ertex  above  tiie  plane  and  the  angle  between  AG  and  its 
projection  on  the  plane. 


ANGLES  W„,c„  „„b:  ^^^^^ 

«<>  that  tlio  cd-es  AR  ,.„;>    ■  1        J  «  .  °  lion^joiita  i,la„o 

angle  the  i  rr-*'"    ^ -"^ 

«ide8  of  the  set  sq^l^  1  5^""  '^'^         ^^^D.    the  shorter 

at  ^ 'flu  Jn^^tillT'^  '  to  -Who,. 

OY.    FLltheai  ..  o  rtl^/r/  '^"'  '^'■'^^    °2  ''""i  10"  from 
«  au^iL  (xt«e..n  the  line  OP  and  the  plane  20X. 

1-3.    Up  a  hillside  h1<, pill,, , -it  or," ti„.  V    •     ^,  , 
a  path  which  n.ak '.s  al  rtT'";''  ^'  "'"^ 

f^l"Po.    What  i.s  the  len-'th  of  the  n       /  .    "  "^^^'^'^^'-t 

l-'.    Three  strai<'lit  lines  OA  Or  n<^  , 

....  tte,  ,e,;..,„  „„  :c-  2:::i,:::ri:^ 

thoiiiii-lo  U-twtVii,  tl»)  j,k„es  OAB  ABO  «         +  ,  , 

""> "f  A  ABO  i,  J  v'SWfSSTf^ai,, 

Tho  W  face  i.,  »„  iXt,^    i  V'"'" 

17.   XOY  ia  the  Hoor  of  a  room :  ZOX  7  ov 
walls  at  right  angles  to  one  another    A  stifk  ar  '  "'f''"^ 
end  A  on  the  rt.x.r  Gft.  from  OX  and  tft  f       «  ^^"^ 
end  B  i.  ...stenod  to  the  w^l ^'2;Y^^'T     nv''"  ^^'''''^ 
from  OZ.   Find  the  len.^th  of  tit  I'  T      (    '  ^  ft- 

on  the  walla  20Y,  ZoJi  ""^     ^^"^  l'n.jection« 

10—2 
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74.   To  find  the  hei^t  of  a  distant  object 

Let  AB  denote  the  object,  uud  let  its  liei^jht  be  A  feet. 


A 


h 


Fig.  75. 

Frnm  a  point  C  measure  a  strai^lit  line  CD  in  any 
direction  on  a  horizont^d  plane,  and  let  its  length  bn  a  feet. 
Let  the  angles  ACB,  acd,  adc  bo  observed  to  bo  a,  fi,  y 
req)ectively.   Then  we  have 

AC  =  h  coseo  a. 
Also  from  the  triangle  ACD,  avo  have 
AC  CD 
si'iy  ""sinClSCr-ySV^' 

whence        h cosec a  =  ^ . 

sin  (Ji  +  y)' 

•         "  y 

~  sin(/i  +  y)  • 

If  the  o1)servatinns  were  niado  with  a  theodolite?,  the 
angles  BCD,  CDB  v.ould  be  observed  instead  of  fi  and  y. 

In  this  case  prove  h  =  ?fa"««nCPB 
^  8Ul(BCD+ODB)* 


ANGLES  WHICH  ABB  NOT  IN  ONE  PI^NB  I49 
Example. 


le  top  of  a 


Fig.  76, 


He  w.dk.s  X  towards  the  tower  up  a  r,.ul  incline,!  tfc  v 

^  t  F-TbC  elevation  ':i'B  ,^ 

From  the  triangle  BDC  we  have 

Hin(!)0  +  y)  ^m(-i~yy 
In  the  triangle  A3D  the  angle  ABD=/3-„, 

and    X 

^(a-y)"°8in(/i-„) ' 

sin(/i-«)      oosy  -• 
Note  tlut  BD  fona.s  a  connecting  link  lK3twee„  ;r  and  ^ 
In  Art.  74  AC  fom  >•      ,  coni^-ting  link  between  CO  aiul  k. 
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75.    Projection  of  an  area. 

Let  ABCD  he  ivi  i., t.-Ic  iii.-lincl  at,  an  anglo  0  to  the 
horiziMi  aiid^  luivin-/  tJic  .si.lc  BC  liurizdiit-il.  Then  if  ,/ 
are  the  projections  of  A  and  D  on  tlu;  horizonhil  i»lano,  the 


rectjuigle  BorfC  is  the  projection  of  the  rectangle  ABCD; 
and  tlie  are^  of  ^idc  is  the  arcii  of  ABCD  multiplied  by 

cos  0. 

For  0^/  CDcosd'; 

.".  urea  of  D«//c  ^  BC  x  cd 

=  BCxCDcos6' 

=  area  of  ABCD  x  cos  t. 

It  f  ( .Hows  that  if  wo  have  any  figure  of  area  A  on  a  plane 
liK-liiitMl  to  ;ui.ithe'r  plaiu!  XY  at  an  iuv^\o  O,  tlie  ami  of  th(i 
projoctiun  of  tho  iigure  on  the  plane  XY  is  e^iual  to  Aoos^. 


r 

Fig.  T«. 


For  tlie  fiijfure  A  mavhe  cttnsidonnl  to  }io  ffiiiinos*'!!  of  s!!!.il! 
rcctjinglos  liaviiig  one  side  imnUlcl  to  the  line  of  section  of 
tJie  planes. 
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Examples.  X  b. 

,  ACB  =  ,0  .    Inid  the  heigl.h  of  the  peak 
5.    The  aiiglo  of  elevation  of  A  the  Um  of  u,  ,„          i , 

zi  T '"'  -Y""' "  >  » e  tot  A  w  t: 

-iOO  ft.  long  i.s  drawn  fit.ia  c  to  a  wint  n  „.  ?  , 

CDB  are  obnervod  t<.  be  9V  TiA       \  , 

of  the  tower.  '       '""^i'^'^'^'^  ^^y-    i       the  height 

a    A  ii..'l.tlK.u«e  is  Hoen  X.  20"  E.  fn,m  u  vessel  .ailinc^ 

mo,mtahin2°n'"^'"'''  n'""""^         ^'"^  elevation  of  a 

the  elevation  of  the  mountTint  t  47^^  FinT/r^K'^''''^ 
the  mountain.  w  be  47  23.    Find  the  height  of 

From  tlie  ton  of  a  hiil  n.f.  ,)  : 
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9.  To  find  the  ili.stancc  of  n,  h.ittcry  B  from  a  foit  F, 
di.sUucea  BA,  AC  wcro  mca»ured  on  the  ground  to  iK)ints  A 
and  C,  BA  Injing  1000  yards  and  AC  1500  yards.  The  following 
angles  were  observotl:  BAF=33''41',  FAG— 73°  35',  FCA=81''4'. 
find  the  distance  BF. 

10.  From  a  oert/uii  .stition  the  angular  clc\  ati()M  ot  a  yxsak 
in  the  N.E.  is  observed  to  be  32".  A  hill  in  the  E..S.E.  whose 
height  above  the  station  is  known  to  be  1200  ft.  ia  then  asoendod 
and  the  peak  is  now  seen  in  the  X.  at  an  elevation  of  20°.  Find 
the  height  of  its  summit  al)()vo  tiie  first  stiition. 

11.  A  biilloon  was  observed  in  the  X.K.  at  an  elevation  of 
51°  60* :  10  minutes  afterwards  it  wfis  found  to  be  due  N.  at  an 
elevation  of  31°.  The  rate  at  which  the  balloon  was  descending 
was  afterwards  found  to  he  (5  miles  i)cr  hour.  Find  the  velocity 
of  its  horizontid  motion  (supi)Oseil  uniform),  the  wind  at  the 
time  being  in  the  East. 

12.  A  rectangular  vertical  target  standing  on  a  hori/ont^d 
plane  faces  due  S.  Compare  the  area  of  the  tai-get  with  that 
of  its  shadow  when  the  sun  is  S.  20°  E.  and  at  an  altitude  of  63°. 

13.  Find  the  heiglit  of  a  mountain  wliose  summit  is  A,  given 
that  the  length  of  a  horizontal  base  line  BC  is  liKK)  yards, 
LABC-61°10',  z.ACB=52°ll',  and  the  angle  which  AB  makes 
with  the  vertical =57°  18'. 

14.  A  hill  wliich  sloi^s  to  the  N.  is  observed  from  two 
points  on  the  plane  due  S.  at  distjinces  of  200  and  500  yards. 
If  the  angles  of  elevation  of  the  top  of  the  hill  from  these 
points  are  32°  and  25°  respectively,  find  the  inclination  of  the 
hill  to  the  vertical 

IT).  From  the  top  of  a  hill  1000  ft.  al)ove  a  lake  the  angle 
of  elevation  of  a  cloud  is  21°  11',  and  tlie  angle  of  depression 
of  its  reflexion  in  the  lake  is  40°  3'.    Find  the  heiglit  of  tlie  cloud. 

16.  A  and  B  are  two  places  10  miles  a^wrt,  B  l)earing 
E.  18°  N.  of  A.  A  man  is  at  P  which  bears  S.  18°  86'  W.  of  A, 
and  S.  52°  17'  W.  (if  B.  Yuid  in  wimi  dii-ection  he  nnist  move  to 
walk  straight  to  a  place  Q  7  miles  away  from  l>oth  A  and  B 
to  the  Soulii  of  AB.   Calculate  also  the  distance  from  P  to  a 


ANGLES  WHICH  AKE  NOT  IN  ONE  PLANE  753 

17.  A  «0Mn  of  coal,  10  ft  thick,  Is  it.dincd  at  20°  to  the 
hon^on.    Fmd  the  volume  of  coal  under  an  acn,  of  Ld. 

18.  '1. 1,0  urn.  „f  i  ho  cms.s-..oction  of  h  cylin.lcr  k  147  8...  i.us. 

l^z^r '  «^  ^^^^i^  th: 

19.  A  district  in  which  the  «urf:.,.,  „i  tiio  -ruu.Kl  .„  ,■■  1  . 
regarded  a.  a  sloping  plane  ha.  an  of  ^t^t^  'VZ 
«hown  on  the  n.ap  a.s  .u,  .uva  „;  h;  ^,  n^s.  At  what  a,  de 
18  the  plane  inclined  to  th.;  h„ri/.u,  '  ^ 

20.  A  vertiml  wall  4uft.  long  ,  .u  ioft.         runs  oast  and 
west ;  cak  ulato  tho  area  of  the  sha-iow  cast  Uyl  on  the  ul" 
when  the  8un  m  S.S.W.  at  an  elevation  of  20"  ^ 
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Tbigonometrical  SuiivKiriiia. 
76.  Triangulation. 

A  district  c.r  country  is  .surveycil  l.v  con.stnictiii" 
a  series  of  trian-les,  the  sides  of  which  fuv  culculutod  thnn 
inea.sureiiieiit,s  of  the  various  uiiyles  and  the  known  k;iigth 
of  OHO  side  of  the  initial  trian^de  called  the  Base  Line. 

Aii-lcs  lu  ;i  horizontal  or  vertical  piano  are  measured  by 
an  instrument  called  a  Tlieodolite. 

A  .survey  which  extends  over  ;i  cuuntrv  hirge  enough  to 
necessitiito  the  iippliciifion  of  Spherical  Tri-onoinetvy  to 
allow  for  the  curvature  of  the  eartli's  surface  is  called 
a  Geodetic  Survey. 

The  Base  Line  for  such  a  survey  may  bo  as  much  as 
14  nnles  m  len-th  and  is  measured  with  great  accuracy  by 
a  nickel-steel  wue  which  has  no  coeHicient  of  exi)ansion  for 
variations  of  temperature.  8ince  the  base  lino  is  not 
honzonfcxl,  the  diirerences  uflevel  have  to  be  measured  and 
the  observations  reduced  to  sea-leveL 

For  smaller  triangulations  the  ba.so  lino  is  measured 
mth  sufficient  .iccuracy  by  a  surveyor's  chain,  22  yanls 
long,  consisting  of  100  links. 

The  triangles  observed  should  be  as  nearly  ciiuilateral 
as  i>ossiblo  and  small  a.igles  sh  ;ul(l  i.e  avoi.lod  as  any  -rror 
m  their  measurement  would  considerably  affect  the  accuracy 
of  the  calculations. 

If  the  angles  of  the  triangle  do  not  add  up  to  ISO"  the 
difference  between  their  sum  and  180°  is  divided  eouallv 
among  them. 
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Example  (i). 

The  haso  line  CD  was  8-805  chains. 

At  C  tlio  angles  ECD,  DCF  w-r.  n>,>a.suro.l,  also  ECF  and  the 
ro-eutrai.t  angle  ECF,  to  d.c.k  the  obsemitions. 


79. 

At  D  similar  angles  w.to  ol..sorvc.l.    At  E  (,!,...rvati„ns  of 
C,  F  and  D  were  mad.,  and  at  F  c.I.servations  of  c,  E  and  D 
^Jr^m  the  triangle  ECD  find  EC,  and  fron.  the  triangle  ECF 

We  have ; 

CD 

sin  .^fj"  13'"°  sin  ^-41"* 
_  _EC 
sin  146° 32'    sin  i5''~44'  ♦ 


KinG3'4I'~' 
EF  =  ^'^95  «'n  55"  13' Bin  34°  28' 


sinG.r41'8in  1G''44' 
=  1701  chains. 

Show  that  the  Eiinie  result  is  obtained  by  v.„.-kin-  win.  f  i 
t™„,,„  or  .0  «^  or  .ud  .hen  with  L  trt'gL^Ero"^" 

Examph'  (ii). 

When^ht''''''""''-'''r'"  '^"^  tri.„.uIation  of  a  river 

When  the  pruicqKil  trianguL.t,ion  is  fr,nM,!proH  »■ 

oi  onsets  trom  known  ponits  and  lines. 


I'RACTK  AL  TUKloNo.MKTUY 

W(.rk  with  the  triangles  ABD  and  ADC  to  obtain 
DC»21)4-46  ft. 


Then  check  hy  working  with  triangles  ABC  and  BCD 
DC  =  294-39  ft. 

TaWng  DC=294-4  ft.  work  out  the  lengths  „r  DE,  FE,  FG,  GE. 
In  practice  the  length  EQ  would  l«  inc^wunHl  ..s  a  chock  base 
to  confirm  the  accuracy  of  the  obsen-atiouM  and  calculations. 

Exercue. 

The  comers  of  a  triangular  field  PQR  are  determined  with 
reference  to  a  l.,use  line  AB  by  the  dimensions  PAB^ST" 
PBA  =  84',   QAB^G4^  QBA  =  10r,  RAB  =  1I.V.  RBA^4r  AB 
18  50  feet  long.    Calculate  the  sides  of  the  triangle  PQR  to  the 
nearest  foot 
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MisceUaneoufl  Xzamplea.  H. 

1.  Calotilato  the  fc.ll..wing  \,y  lug.uitluM.s,  and  nUm  how 
you  wouUl  roughly  c\mk  yxmr  rosulte: 

(1)   pr',  where  />= 93-76,  r=l-03,  ii=4; 
(^)  where  »r  =  J»]j,  r =5-875. 

L'.  A  TMan  ...n  veyin^.  ,t  roa.l  from  A  to  B,  ^oen  first  7  chnins 
m  -  ^-.foa  S  63^  R  then  8  :3  .h.un.s  S.  so  E..  fU.u  ^ 
N.  46°  R,  and  then  5-7  chain.  X.  W.  to  B.  Fuul  (1)  ho  v 
^•^i;  U::^  ^^^^^-^^i.  north  of  a;  (3)thediLZ 

3.    Tho  sultvs  ofa  .jiuuh-ikteral  tik.,-n  ir.  .)nleraro4  6  8  9ft 
and  one  diagonal  Is  9  ft. ;  find  its  angl.^s  and  ,u  ea.  '  '  ' 

1^^°         r  -  room,  the  length  BA 

InV%  «  .    y         ^  ^'•^^^'''''^  »^  A  an  anglo  of  18" 

and  at  B  a.,  anglo  of  30°.    Find  the  height  of  the  room. 

->.    In  any  ti  i  ingle,  prove 

(1)  «>n2A+8in2B+8in2C=4sinA8inB^;nC; 

(2)  sin  A +sin  B  +-sin  C = 4  COM  -  cos  ^  eo.s  ? 

2       2     ■  2 ' 

6.  Calculate  aa  accurately  .'is  the  tables  i^nn it 

52-45  X  378-4  x  02086 
87-32  X -5844  ' 
(2)  (l-246)«!». 

7.  A  ship  sailing  north  sees  two  lighthoiKscs  which  are 
4  rmlos  apart  a  line  due  West.  After  sailing  for  an  W  o^ 
of  these  bears  S.AV.  and  the  other  S.S.W.    Find  the  sWp's 

,     ^'  "  ^''"ruo  ui  H  (.ircle  at  ri^ht  ancles  to 

each  oth.T  intersecting  in  C:  AC  =  40  ft.,  DC  =  .30  ft  and  the 
radius  of  the  circle  is  ICQ  ft.  Fi,Ki  the  sides  and  a^gC  of  : 
quadrilateral  ADBE  and  determine  ita  area. 
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Q        Hm  (C  -  fl)    COM  A  , 

Hind        <-.wB'    •       ^'  ^'  *^  '"'o'l*''*  ft 

triiuigle,  imn-o  thiit  «  <.t^^^  tun  B. 

in.    Tho  i>Uiie  .si.le  of  .i        niMnin-  K.  t.,  \\'.  is  i,,,  ii,„.,l 
to  the  horizon  at       ,u..,'lo  .>f  ■■O^-.  it  is  ,v.iui,,Hi  to  a.n.stnat, 
n  stmight  milroiul  ui«.i,    t   incline*!  ut       to  the  horizon 
r)etermiiu;  Iho  i^iiit  of  the  codii«u«  to  whi.h  it  must 
ilirocted. 


11.  A  bcil  of  coal  14  ft.  tliii  k  in  inclincl  at        to  the 
surface.    CaUiilut..  tl„>  uumUn-  of  torn  of  coal  that  lin  under 
an  acre  of  surface.    A  ton  of  c<mi1  ocmpios  28  c.ft.    'i'ho  1  |  ft 
is  to  be  regarded  as  a  nic^iuroment  at  rigiit  angles  to  the  Nnrfii^u 
of  the  coal  bed. 

12.  A  pyramid  of  height  57  in.  stan.ls  on  a  triangular  l^wc 
on.)  sHlo  of  ^vhich  is  25  in.,  the  aziglas  at  the  extremities  of  that 
side  being  45^  and  57"  SC.  Find  the  volume  to  2  significant 
figures.  ° 

13.  The  are.1  of  a  triangL  i.s  M  .sq.  ft.  tne  r.ulii  of  the 
three  escnl)ed  circles  are  8,  12,  24  ft.  respectively.  Find  the 
sides. 

11.  Tiio  angle  of  elevation  of  a  tower  100  ft  high,  and  duo 
^.  of  an  observer  is  50".  What  will  l,o  its  elevation  to  the 
observerwhen  he  has  walke<1 .300  ft.  due  E.  of  his  f.  -nner  iK.«ition? 

15.    If  a,  6,  c  are  tlii-.>e  consccutix  e  integers,  prove  that 
log  b  -  log  a  >  log  c  -  h)g  b. 

la  If  tlie  .sides  of  a  ti  ia.igle  are  51,  (>H,  85  ft,  .show  that  the 
shortest  .side  is  divided  by  the  iK«nt  of  cont^ict  of  the  inscribed 
circle  into  two  segments,  one  of  which  i.s  double  of  the  other. 

17.  In  a  triangle  ABC  the  .side  BC  is  2(KJ  ft.  Ion-  and  the 
angles  at  B  and  C  are  7i)^  and  75"  re8i)ectively.  B  and  C  arc 
olJservati<'n  staiioiKs        if.     i:>,,.^,,...n,i..  s  .  „, ,  _     5  .  ^ 

A  body  ,n  the  air  A  ft.  imnieciiately  above  A  is  obsen-ed  to  have 
an  elevation  of  40°  at  C.   Calculate  h. 


TRItJONOMKTRICAL  filTRVKYlNa  ,  -„ 

18.    OX,  OY  an,  tw.,    -nii^^lit  lines  ut  ri.'l.t  „,  -I,.s     n.  nv 
tako  a  iHMut  P  such  that  OP ^  10 cm     Vow  i,.        ' °^ 

OY,  OX,  .f..nv  that  ^^^-.10^.  ""^ 
ly.    In    u.y  triauyJe,  prove  tliat       >    .r,,^        ^,„,,,  , 

21.    A  iiuui  whose    VI'  is  1  f>    ilu,,.,.  »i  « 
f.....  n»  wa„  of  .  ^  ft. 

..1  the  .-.^TOM,  of  the  coili,,,,  t.,  be  30-     xn  , 
-a.uo  „„.,„.,.  ,„      „.,    0,,-.    Kind  .,.e  ^hfo   : ^o  .,1"" 

.1.  ^  ^'  "■■  '""<■'  «  «all  will,  .       ..  , 

the  g^M  9  ft.  fr,.m  the  foot  of  S,o  .all     'Ak  e  .' 

the  end  iTnoj^vlt  f,':: ih:'"';.';:' "~  ^•■h 

23.  The  side  AB  of  a  triaii^'le  ARr  ;^  i-    i  . 
ratio  of  M  :       The  angles  TOA  P^I  cpr  ^ 
lively.    Prove  that  '        '  ^'^^        «^  A     r.      ,  . 

..  .  wt  „  -  „  cot ^=  „  cot  A  - cot  B  =  (,„+„)«>t  0. 

24.  Give.  ^^ac..0  +  loos2e, 

prove  that  cx»  d=**      -  «'  -  ^ 

to  check  t^uJoLr'l;^!:';;,''''^  '>>i.,*™uu 

check  ^„  ..He.     ^  ^"^4"  . 


I'RACTICAL  TUKJONOMETltY 


•-'().  A  mail  li.is  lK'f(.i-(!  liiiii  ,,n  a  lovcl  plain  a  conical  hill  of 
v(!i  tical  angle  DO' .  Statioiiin-,'  himself  at  some  tlistiinco  frMiu  its 
foot  he  obHcrvos  tho  angle  of  elevation  a  of  an  object  which  ho 
knows  to  1k3  h.ilf  \v,iy  up  to  tho  suniniit.  Show  that  the  part 
of  tho  hill  alH)vc  tho  ol.joct  suhtonds  at  his  eye  an  angle 

tan-«  -titiu.) 

l+tana(l+2tana)* 

27.  A  m-tangle  ABCD  in  which  AB=i,  BC=^u  in  phicoil  so 
t.h,)t  its  (liau'onal  AC,  of  length  d,  makes  an  acuto  angle  <f>  with 
AX,  a  hue  parsing  through  A,  If  AB  makes  an  angle  3  with  AX, 
prove  that 

c/co80  =  6co8d-aBind, 

and  tan^  =  ^^""^~". 

b  +  a  tiui  (f) ' 

28.  A  straight  lur  -2  ft.  long  is  susjit-ndwi  horizonbilly  hy 
two  .strings,  each  -2  ft.  long,  attiched  to  its  ends.  The  K-ir  i.s 
twi.steil  round  its  centre,  the  strings  being  kept  tight,  and  the 
Iwr  hori/ontil,  till  tho  centre  is  raised  a  foot  Through  what 
angle  is  the  bar  twistal/ 

29.  Two  planes  inclincil  at  angles  0,  0  to  tho  horizon  sloi^c 
m  opiKJsite  directions.  A  rod  of  length  2a.  making  an  angle  « 
with  the  hoii/on  rests  with  one  end  on  each  plane  so  that  its 
mid-point  is  vertically  over  the  line  of  ii^tensection  of  tho  pLuies. 
Assuiniut,'  that  the  line  of  intci-sectioii  of  the  planes  is  horizontal, 
and  that  tho  nnl  lie.s  in  a  vertical  plane  at  right  angles  to  this 
Ime,  prove  that  tan  d~  tan  0=2  tan  a. 

•m  An  ohscrver  wislnng  to  det.'rmine  the  length  of  an 
object  in  the  horizontal  plane  through  his  ey<.,  finds  that  the 
object  8ubt*,nds  an  angle  a  at  liis  eye  when  he  is  in  a  certain 
position  A.  lie  then  finds  two  other  iM)sitions  B,  C  where  the 
object  subtends  the  s>\inc  angle  «.    Show  that  the  length  of  the 

oDjcct  IS  ,  where  a,  6,  c  are  the  sides,  and  A  the  area 

of  the  triangle  ABC. 


APPENDIX. 


IDENTITIES. 
Chapter  II. 

Trisonom<^tric.al  identities,  being  true  for  all  values  of 
the  iui-Ies  i.ivolvo.l,  are  deduced  from  results  established 
lor  all  aiiglts  and  should  not  be  proved  by  reference  to  any 
particular  figure. 

To  prove 

cot*  A  tan  A  sin  A  +  tun-  A  c,  .t  A  c,  ,>  a  =  cos  A  +  sin  A. 
cot'  A  tfl,n  A  sin  A  +  tan-  A  cot  A  cos  A 

^cos'A  sin  A    .   .^sin'A  cos  A 

sin-^  A  •  cos  A  •  •'''^   +  cos^A  •  ^n~A "  ''^^  ^ 
-  cos  A  +  sin  A. 

Examples.   II  c. 

Prove 

1.    .sin  A. soc  A  =  tan  A.  2.    cos  Acosec  A=cot  A. 

.sinA.otA  =  .osA.  1.  v/rr^in='Ac««eoA=c«.tA. 

.').    cos(v-'  A  +  M'l'-  A  =  c(i.s,.r-'  A  soc-  A. 
G.    tan  A  +  cot,  A  =  co.sco  A  s(^c  A. 

7.  cot*  A  -  coh'  A  =^  cot^  A  C(  )s-  A. 

8.  cos  A  \/.sec^  A  -  1  =Hin  A. 

9.  oo8*A-sin*A=l -2.sin»A. 

10.    v,,s^  A  -  shr  A  =(co.s  A  -  sin  A)  (1  +  c,.,s  A  .sin  A). 
„     tan  A  +  bin  B  ^ 

cotA  +  cotB^**"'^*""^- 
12.    (sin  A+cos  A)  (tan  A  +  c-ot  A  i    sec  A  +  (,<..s(k;  A. 
jg     (.xwof  A -f  sec  A  - 

c. wtv-  A  -f-  .se.;-'  A      '  +  -  - '  -  A  cu.s  A. 

14.    8in*  6  +  ain-  0  +  cos*  0 

P.  F.  11 


162 


AI'I'KNDIX 


1 5.  tan  ^  +  cot  ^  =  Vsoc-  ^  +  cosec-  d. 

16.  (tnna-8ina)'''  +  M  -  cos  ,,)2  =  (seca-l)s. 

17.  (cotA+cosecA)'«  =  l  — -  . 

1-cosA 

18.  tan-^A-tH>.^B=^'^-*^""'^ 

c-os"-'  A  cos''  B 

ID.    if  sin j,=a.sin_y  and  tanj;=6tany,  ju-ovo  that 
co8^=^^  and  cosy=|y^^. 

Chapter  V^. 
Examples.  Vb. 

In  any  triaii'jfle  prove 
1 .    {b+c)  c-  J8  A  +  (f  +  «)  cos  B  +  (a  -j- b)  cos  C  =  a  +  i  +  c. 
sinA  +  sinB    a  +  6 


2. 


sinC 


7. 


3.    co8A+co8B=-^(l -cosC). 

"     cosA     6     cosB     c  cosC 

•J^  .1-    -  .  __     J.    _____  .  J_  

i*'       (t       (•«       b       (lb       c  ' 
g    rtoxsB-fccosA  ain-'A-sin'B 
c  ~      .sin-C  ~' 

6.    2R  (sin*  A + sin*  B  +8in«  C) = a  sin  A  +  6  si n  B  +  c  si n  C. 

a*  +  h--  abcmC  a 
a.sin  A  +  />8in  B  +  t  sin  C     2siii  A  ' 

g       asin  A4-'>sin  B  +  '  sin  C  1 
a6  cos  C  +  oo  cos  B  +  be  cos  A  ^  R  ' 

9.  If  A,  B,  C  and  A,  B',  C  l)o  the  aiigles  of  two  triangles 
having  the  same  angle  A  and  the  same  sides  a,  b,  prove  th»t 

sin  C  sin  C 
Sin  B     sni  B 

10.    if  O  is  tlio  ccntro  of  tlui  tircimiscril.ing  circle  of  the 
acute-angled  triangle  ABC  and  if  AO  produced  meets  BC  in  D 
prove  that  ' 

OD-  '^'"'-^ 
cus(B~C) ' 


APPENDIX 


Chapter  VI. 

In  any  triangle  provo  that 

CO.S  2A  +  cos  2B  4-  cos  2C  +  4  cos  A  C08  B  cos  C  +  1  =  0 
COB  2A  +  COS  2B  +  COS  2C 

=  2  cos  (A  +  B)  COS  (A  -  B)  -f  2  CO.S-'  C  -  1 
=  -  2  COS  C  cos  (A  -  B)  +  2  coe=  C  -  l 

since  cos  (A  +  b)  =  cos  (180°-  c), 
=  -2cosC{cos(A-B)-co8C}-i 

=  -  2  COP  C  {cos  (A-B)  +  cos  (A^- 8)1-1 

-  -  2  cos  C .  2  cos  A  COS  B- 1 
~  —  4  cos  A  COS  B  COS  C  -  1. 
.-.  COS  2A  +  cos  2B  +  cos  2C  +  4  cos  A  cos  B  cos  C  +  1  =  0. 


Ilzamples.   VI  g. 

Prove 

1       ainA-f  sinSA 
1  +  cos  A+^2A 

2.  «»«|(l+tan?y=l+8in„. 

3.  tan  a  -  tan  /9= sin  («  -  ji)  .sec  a  sec  ^. 

5.  •2coiiec40  +  2cut46  =  ci>l^-tane. 

6.  cos3A+sin3A-(t.o.sA-«m  A)(l  +2sin2A). 

7.  C08^coa(2a-/9)=co«2a-8in^(rt-^). 

8.  C08a+co8  3«  +  co8  5«+co8  7a  =  i8in8aco8eca. 

^    sin  :W  +  -2  sin  fx^  +  sin  7^  _  sin  M 
sin  5(9  +  2      7<J +Kin  i)e  ~  ain  ~e ' 

cos  X + cos  2x +tr'^ar "~ 
J       Hit,  A +  2  sin  ;m  +.sin  T.A     :{ c.s.v  A  -  4  .sin  A 
COHA-jJcosaA+co8  5A"'   asecA-4ctwA  * 

11—2 


AITKNDIX 
12.    sin  3^=  4  sin  6  sin  (00°  +  ^)  si,,  (eo'-^J). 
1.'}.    C08  2()"  +  c..s  l()0"+cas  140°=0. 
tin  r)<9  + fail 

IT).       cot  ^-  Cot.I  =:  COSCiCH. 


IG.    l±^'=tan--Y4n  +  "V 

j_      sin(A  +  B  +  C 

cosAco«BcosC"''"'^  +  ^'''"^  +  ^"'C-t^vuAfanBtanC. 

,  „        soc  B  -  sof  A  A  I-  R 

<.os..,.A-o,M.,.B^*'"''^*""B^"'    t  ■ 

19.  tan    +y    ,t  „        ,  .t  „  + tan  „)  =    +^)2  +  4.,^ ^.^42 2„. 

20.  .sin  („ _  /i)  +  ,si I,  (^^ _ ^  _ 

=  -4. sin  "-Zl^in'i-  y^iny-"^ 
^  z  2 

2 1 .  cos'-'  A  +  cos-^  B  +  cos^  ( A  +  B)  ^  1  +  2  cos  A  cos  B  cos  ( A  +  B). 

22.  If  A  +  B  +  C  =  2S,  prove 
.siiu'B-C)cos(S-A)  +  sin,'c  -A  r,,.,-S-B) 

+  >in  vA-Bjoos(S-C}  =  0. 

23.  If  a=/3-f-y,  prove 

24.  If  a+y3  +  y  =  0,  prove 

<■<  -s-'  fi  +  CM ),s-  y  _  eo.s2  a  =  1  +  2      ^3  „]„  ^  ^ 
2:..     see  A  +  2  .sin  A)  (co.scc  A  -  2  co.h  A)  =  2  cos  2A  cot  2A. 
2(;.    Jf  «in.r=:Hsin(.f  +  2a),  prove 

tai,(.f+.0-!  ^"tun,.. 
i  —n 

27.  ^ -~     ^         -  ")     "^in  (y  - ,i\ 
cos  ,1  c, .s  y     cos  ^  cos  a     c«)s  y  coh  ji^^^' 

28.  tun(';-f)  +  tan(';  +  ^V2Hec.. 

20.     If  cot.»'  +  <.,.t_y.-.,,sc,„,„,so..y,  p,  „Vo  ti.at 

sina-=sin«i8in  (.r+j/). 
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30. 


30 

and 
prove 
37. 


31 .  sin*  5+ 2  cos  a  sin-'  0  os- 0  +  .s'  ]  ^  sinS '-'  .Mi„2  2<J. 
22.    cos  a  +  cos  /3  +  cos  y  +  cos  (a  +    +  y) 

33.  If  A,  B,  C  are  in  a.  i>.,  prove  that 

sin  A- .sin  C  _  cos  B 
cos  C -cos  A  ~.siu  3* 

34.  cos5d=5cosd-20cos3(9+iGcos"^. 
36.    If  cos  a  +  cos  /3  +  cos  y  =  0,  prove  that 

c  os  3a  +  cos  3/3+ cos  3y=  12  cos  a  cos  /3  cos  y. 
if  «sin  A  +  ftsin  B+csinC=0 

(I  cos  /K  +  b  v< 's  B  -h  r  cos  C  =0, 
sinjB^_)  ^  sin(C-A)  _  .si„  (A  1  B) 
a  b       ~'      c~  ' 

tan  5a7-tan  3r-  tan  2;r=tan  r,x  tan  ar  tan  2x. 


38.  If  A+B+C  =  2S  and  co8(9=?^^+^™' B'^'illC 

sin  B  sin  C  ' 

provo  cos  -  =  .  / ^2^i(S -_B  t ' -s  <  S^-  C ) 

2    V        sin  B  sin  C 

39.  C08S2<J+3c0B2^=4(coB«^-8in«<?). 

40.  If  sin  A+cos  B  =  V2'aTl  and  cos  A  -f  sin  B  =  V2i+T, 
prove  that  sin(A  +  B)=a+6. 

41.  co82A-oosAcos(60'  +  A)+siu2(30"-A)  =  |. 

p^^^  Examples.   VI  h. 

1.  cot-"  i -cot-»3=cot-«|. 

2.  tan->;.;,+:Jtan-'2=tan-4. 
3. 
4. 


CO.S- '[  /•;/ 

«:•+-' tan-' !  -  sin- 1 -i 


'l  -I  

^  '  -•*"-.'/  +.<-y-J= COS  '.r+cos-'y. 


5.    tuii-ij+un-'ii  +  tan  'l  +  tan-'J=J. 
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a 
O. 

Tf 
11 

ju'ove 

7. 

COS"* 

8. 

2  tiui 

9. 

If 

tt=cot~'  VcoBa-tftii"' Vcosa, 
sin  M  =  tan*^. 

.1  .       X  . 

I  - 1  /^t  III "  tan     — cos- 1  +cosjr  \ 

C0S-1-  +  C08"' r  =a, 
o  o 

II  X                  2jv/  .  „ 

1  ir< )vc  that  —  r       «  +  i .,  =  cu 

1/.     oi       i/    /■'-.'/*     "\  _.y4-.rcosa 
10.    2tfin   '    v/      •  tan  J  =  cos  '"^ 

\  V  .r+y       2/  x  +  ?/c<)«a 

Examples.   VI  k. 

In  any  triangle  prove  that 

•  A      B  C 

1.  sin  A  +  sm  B+sin  C=4  cos  -  cos  _^  cos  - . 

2.  a  sin  (B-  Ct+Z^  sin  (C  -  A)+fsin  (A  -  B)  =  0. 

.   A  .   B  ,  C 

3.  cos  A+cos  B+coaC-  1  =  4  sin  ^  »n\  gSin  g. 

1_+  cos  ( A  -  B)  cos  C  _a'  +  h- 
1  +COS  !  A  -  C)  cos  B  "  rt-'  +  f^' 

"i.  sin-  A  +  sin-  B -sin- C  ~  2  .sin  A  sin  B  cos  C. 

(i.  cos- A  +  cos-  B  +  CO.S- C  =  1  -2co.s  A  ccs  B  co.s  C- 

7.  tiin  A-l-tiUi  B-l-tan  C  —  tan  A  tan  B  tanC. 

8.  sin  2A+Hin  2B-i-8in  2C  =  4  sin  A  sin  B  sin  C. 

9.  If  X,  y,  z  be  the  iwrpendiculars  drawn  to  the  sides  of  a 
)  1  ianglo  ABC  from  the  centre  of  the  circumscribing  circle,  prove 

tliat 

4      -t---!-  -   =  . 

\x    y    zj  xyz 

111.    If/',  7  aro  tho  {leritendiculars  from  A  and  B  on  any  line 

thrniigh  C,  i)i(!V('  'hat 

(i-jr  +  h-ij-  -  •2(ijil>ij  cos  C=»a*6*8in'C. 
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CHAPTSai  VI 11. 

In  any  triangle  ym^w  that 

ABC 
2.    (a  +  6  +  c')3taii    t.in  ,taii  ^ 

B     ,      ,A     ,      .,C  ,B 
6.    a  cos^         cos^  ^  =  h  cos-  ^  +  '  c<  (f-  ^ 


=  c  cotr  ,  +'<  ctw^ 


.   A  .    B  .  C 

7.  r = 4R  sm  ^  suj  ^  sm  g  • 

8.  2  (R  +  r)  -  «  cot  A  +   cot  B  +  c  cot  C. 

9     The  sides  of  the  triangle  wiii.s*^  vertices  arc  t  lio  centres 

A    ,          B  C 
of  the  escribed  circles  are  a  cosec  ^  >  «  c^^ec  ^  ,  c  cosec  ^  . 

10.  The  area  of  a  triangle  :  the  area  •  'i'  the  in.«M;ril)ed  cintle 

ABC 

=»COt   ,  cot    ,  cot        ;  TT. 

2        2  2 

,   _     i^sin  c+f^sinB 

11.  vfcc8inBsmC=  • 

12.  8rcos  5  cos  ?  o<)s  ^  =  R  (sin  2A+sin  ^+Hin  2C). 

A  ^ 

1.3    The  area  of  the  triangle  fonned  by  j-  -ming  tlie  {wints  « .f 

ABC 

contJict  of  the  inscribed  circle  =  2r«  cos  -  cos  -  cos  ^  . 

U.  If  S,  S'  are  the  areas  of  a  given  triangle  and  the  triangle 
formed  by  joining  the  iwints  of  contact  of  the  inscribed  circle, 
prove  that  . ,  . 

—  =  —         ■-  — i-  ■  -  "  -  • 

S  abc 
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MiscellaneooB  Example*.  K. 

1.  If  aco8^+6sintf+c=0, 

and  (/c(ts^?  +  //.sii)  ^  +  (,'  =  0, 

prove  tliat        [U-'  -  b'cf  +  (ca'  - c'aY  =  {aU  -  dbf. 

2.  If  cos  a  =  cos  ^  cos     prove  that 

tan  - 2   tan -2-  =  tan*  2- 

3.  If  Hin  B  sin  C  =  cos-  - ,  prove  that  the  triangle  ABC  i.s 
isosceleM. 

4.  If  coHCc^+cot^=(»,  prove  that  sec^-t-taii  ^  =  "^  '  . 

a-  I 

5.  If  x  =  c  tun  6,  show  that 

(^•2  +  c-2)-'  .sin     =  4fj?     -  x"-). 

6.  If  .r=a  coH  6  +  b  cos 
and                        y'B'a  sin        sin  2^, 
prove  that           a»  {/ + (a? + hf) -^{j^+f-  lA)'. 

7.  If  a,  6,  c,  (7  lie  tlic  sides  of  a  rp;adrilat<'rfil  ;ind  fl,  (p,  yj^  he 
the  angles  rosi)cctive1y  at  which  a  and  b,  a  and  c,  6  and  c  are 
inclined  to  each  other,  prove 

rf2 = a2 + 62 +0-2  -  2at  cos  <9  -  2«c  cos  0  -  2/>c  cos  ^. 

8.  If  a  and    !«  two  acute  angles,  such  that 

3.sin2a-l-2sin2/3=l, 
and  3  sin  2a- 2  sill  23=0, 

l>r'ive  tliat  a  +  2fi  1)0'. 

!).    If  p,  q,  r  are  the  per)  ndii  ulars  oi.  the  sides  BC,  CA,  AB 
of  a  triangle  ABC  from  the  opp,,  ite  vortices,  prove  that 
asin  A  +  68in  B+c8inC  =  2(pcos  A+y  cos  B+rcosC). 

10.    If  .r=cosec^  — sin ^  and  y= seed -cos tf, 
prove  that  jr^^S  (^xi  +  tf^)^l. 


ANSWERS. 


I.   p.  4. 

1.    CO'.  2.    r)r  41'40".  3.    37°  34'. 

4    150  ,210  .  5.    i)V  3U\  2&2  30:  6.  1530". 

7.    9804.'>.  a    43°  44' 24". 

9.   (i)  120°,   (ii)  128°  34' 17",    (iii)  108°.    Itt  -66996. 


n  a.  p.  9. 

!•        =  3,    ,  ;  ,'4)4,4;  1,4,4,  '1'' »  V' 

^   lV>  Irj     '  IT'  -  '  1.-.'  I''.  .1"'  -  • 
(i)  sin  A,       (ii)  com  A,       (iiij  cut  A, 

3.  U,  ih  'ih  h  1- 

AD     AC,   BD  BA 
*•    AB'   BC'  BA'   QC'   » ^8,  39-02. 


0. 


AB  BD 


6. 


BD  AD 


^iv)  tanA. 


CB'   BA'  "*    DA'  DC" 

7.    (i)  BinABD,       (ii)  tan  BAG,       (iii)  w)sACD. 
BC  CO 
AC'  CB" 

9.    (i)  tauA,     (ii)  cos  A,     (iii)  From  win  A. 


8. 


10.  4^. 


nb.   p.  15. 

1.  sill  .'^7  =  00,     t;o.s37"  =  -8<J,     tan  37"  =  -75, 
cosw:}:  -  10(5,    Hec37''  =  l-25,  cot37°=l-33. 

2.  .sin  49°  =75,    cas49°  =  -66,    soc49°  =  l-52,   tan  49°  =  MS. 

3.  68°  40',   sin  58°  40'= -86,   tan  68°  40'- 1*6. 

P.  F.  A 


ii  PRACTICAL  TKiaoNOMKTRV 

4.  iiecA-1-94,    tttuA-1-<i«.  5.  1. 

6.  A=80'3e',    t«u»J--85,  sir,. 

7.  28%    co»28'  =  -0,     .«c28  IM. 

8.  tjin40'=  «4,  t.  -lit)  -cot 70' -•:»♦!.  9.  J. 
13.  BE=8",    BF  =  <;!J". 


MISCELLANEOUS  EXAMPLES  A    p.  16. 


2. 
1 
7. 


1. 
5. 
9. 


tail  48''  =  1-11.  3.    siuA=-fl,  fo»C  ^-n.  A+C=«90°. 

120'.  5.    lU' IH' Ih".  6.  63 

10.     a    68%  -40.     9.    -58.      10.    -25,  26.      IL  150". 


13.    32*  nearly. 


1-  70Ti). 

2-  9478. 


2. 

6. 
10. 
14. 
18. 


11  8". 

lUa. 

•r.r)O0. 
•H!)7G. 
5-9351. 
(•.:?  V.Y. 
~'}"  r.ty. 


16.  2-4. 
p.  20. 


17.   30%  60",  90° 


13.  Vy2->H'. 
17.  7.V26'. 

2a    36^52',  48°  11'.         21.    41°  4!)'.         22.    51' 20^,  71°  34'. 


3.  Miii:). 

7.  -302.-). 

11.  4-H(;h;. 

15.  CA'l'. 

19.  ll'.'Jii',  30' 


4.  V'm. 

8.  3-0804. 

12.  (MTiL'. 

16.  78  4!/. 


EXERCISE. 

p. 

21. 

(i) 

AB=.i'cosecd, 

BC 

Ei.l'Cot  ^. 

(ii) 

AB    1/  sec  (p. 

BC 

=^  tai'  f/.. 

(iii) 

BC=  .rtan 

AC 

.(-.see  (J. 

(iv) 

AB  — y  cos  (f), 

BC 

=     hill  </j. 

(V) 

AC=jrcot  ^, 

BC 

=.rcoMec^. 

(vi) 

AB=^cos^, 

AC 

sin  <j>. 

(vii) 

c= 17-013, 

a 

-1.3-764. 

(viii) 

,=10-940, 

a 

=  4- 1:)2. 

(ix) 

h 

=  1(>-71H. 

(X) 

h 

=  1 1  -376. 

(xi) 

l.-r47-;."), 

a 

-196.375. 

^xii) 

/.=  16-029, 

a 

=  111132. 

ANUW£BS 


m 


nib.  PL  23. 

7-66,  6-43,  11-92,  913iii.       3.    3185  ft. 

6.   I  'M  ft,  «"2.'>ft.,  41'  ir. 

306ft.,  aWift.        9.    Il-:i8iiii.  7  7lciu. 

IL    17-32,  6-84,  18-79,  24-63  in. 
13.    12-86,  15-32,  19-32,  5  1811. 

EXEBOISE.   p.  26. 

1.    237-8  sii  ill.  upprox.  2.    58  8  in.  appn.x. 

3.    3G3  8q.  in.  fti)i>rox.,  72-0^5)  in.  uitprux. 


1. 

3-464  in. 

2. 

4. 

3:r. 

5 

7. 

273  ft. 

8. 

10. 

148-26  ft. 

12. 

846  ft. 

1. 

5. 

7. 
10. 
13. 
17. 
20. 
22. 
24. 
25. 


mc.  p.  30. 

lO  -:i«.l.  in.  2.  5-23  in.  3.  OTC  ft.  4.  109  ft. 
93-53  Hii  in.,  W  in.  6.    03*86  ft.,  60'  34'. 

133-7  ft.  8.    60  ,  30  ,  G-93  in.  9.    14-69  sq.  ft 

8-86,  6-25,  7-46  cms.  11.    5!)  2!)'.  12.    37  y<k 

61-9  ft.  14  H-7Gin.  15.  (m  ft.  16.  42-4  uik 
71-4,  79-3  tt.  18.    2ti:{U  ft.  appro.v.  19.  1081ft 

126-6  ft  21.    6104  s(i.  ft. 

(i)  4-43  nils.,  Cii)  5-97  n»k,  (iii)  7-4  nils. 
73-5  sq.ft.,    30-9<)ft;  81-2si.  f, 

149-6  ft.  26.    140,  184  ft 

29.   6  miles. 


23.   39  ft 
32-49  ft. 

27.    1-245  uila. 


28L  96-2  yds.       29.   6  miles.       30.    121  yds.,  E.  51'  N. 

MISOELLANEOUB  EXAMPLES  B.  p.  33. 

1.  7  8  cni.s.,  G-3  caw.,  8-1  cms.            2.    9  95  cms.,  6-71  cms. 

a  1-40.                     4    (i)  1-0724,   (ii)  3-6280. 

5.  41°  49',  10-47  cms.                   7.    51  I  cms.,  12-86  wj.  cms. 

a  84  ft       10.    I3i  mis.,  N.  13  7' W.        11.   23  51',  28  9'. 

12.  26*  47'.                la   0%  aO'.                 15.  37°. 

16.  1-805 in.,  err,  err,  57' 5s'.        17.  48-35',  1 4' 20' 

18.  2°  22'.                      19.    38  04  sq.  in. 

20.  a  =  6,    8in2A>=-71,    BinA  =  ^'\j,    co8A  =  tj5. 

21.  2GG-95yil.s.  22.  -05  Ins.,  -0033  in.s.  23.  GflD'. 
24.  31-41'.            25.    56^  19',  53^  8'.             26.    21-3  ft 

27.  30°,  41°  49*.          28.    3  ch.  27  links. 


MICROCOPY  RESOLUTION  TEST  CHART 

(ANSI  ond  ISO  TEST  CHART  No.  2| 


^     /IPPLIED  Inc 

1653  Fast  Main  Street 
Rochester,  Ne«  York       14609  USA 
(716)  482  -  0300  -  Phone 
(716)  288  -  5989  -  Fo» 


iv  PRACTICAL  TRIGONOMETRY 


IV  a.   p.  46. 

1.  (1)  -Wm.  <,i)  --0128.  (3)  -l  i;.)38. 

(4)  --7813.  (5)  -GGQl.  (6)  --7536. 
(7)  -8129.          (8)  --1432.          (9)  --5878. 

(10)  1-9841.       (11)  3-6280.  (12)  4-4919. 

2.  (1)  ll^in',  29.yi'.  (2)  19" 7',  199^7'. 
(3)  G-)  5',  116°  5ry.  (4)  112°  4G',  247°  14'. 

(5)  241°  r,  298°  59'.         (G)  18°  43',  198°  4.3'. 

3.  3.-)  ,  i'  V. 

7.    (1)  31  31' or  140  Ji)'.        (2)  r>r  19'.  (3)113^35'. 

9.    (1)  30°,  150°.  (2)  5.3°  8',  120  52',  210°,  3.30'. 

(3)  108=- 41',  .348MI',  68°  12',  248°  12'. 
10.    (1)  18^       (2)  10\ 
IL    (1)  .3G\       (2j  GO'.       (^3)  36' or  60°. 


EXEBGISE.  p.  49. 

(i;l,  oc,o.  (ii;  0,-1,0.  (iii)  00,  -1,  --CC. 

(iv)  -1,  0,  00.  (V)  -1,  -co,  0. 

IV  b.  p.  54. 

2.    (1)  4:)',  225°.  (2)  135°,  315°. 

5.  (1)  (9  =  90' or  270  .    OP  =  4.       (2)  ^=0°  or  180°,  OP=B. 

6.  45°,  312-5  ft.,  9=20',  80°  40'. 

V  a.  p.  59 

1.  75  31'.       2.   4-23.       3.    112  53'.       4.   6-47  m.,  4  02  m. 

6.  A  =  41- 24',    B  =  r,.V47',    C=82  49'.        7.    4-86  ft.,  1-55  ft. 

a  a  =  7-41,    B=80°49',    C  =  52°ll'.                  9.    81',  19°. 

10.  8-83  ft.                  11.    6-14.                 12.    110°  29'. 

14.  B  =  27°50',    C  =  37  10'. 

15.  4i!2-3ap+31=0,  6-87,  1-13  miles. 


ANSWERS 


V 


lOSOELLANEOUS  EXAMPLES  0.  p.6L 

1.    (1)  75°  58'.      (2)  1-134".  2.    69°  18',  110'"42'. 

4.    225-3  ft.       7.  9-06  sq.  in.,  3-71,  5-54  in.       8.  185-8  yds. 

10.    41-5  ft.  11.    cos  5=      .  /  12.    1026  ft. 

±\'Un-6+  1 

13.    18°  56',  8-14  in. 

16.    -018,  -01!),   Oiil,  -026,  -0.35,  -054,  -102,  -292.  Increases 

from  r)"()7  to  qo  . 
18.    30"  52',  140  10',  210  r.L'',  326°  19'.  20.    109°  6'. 


VI  a.  p.  7L 

1.    i,  i|,  1,  0,  .,'-„  fit.  2.    -0428,  -9083,  -55»5. 

IV)- 

3.   -0484.      5.   (i)  -nino.    (ii)  --lOOS.       7.   ^  • 

12.  (i)  -5878.  [ii)  -8090.  14.  (cas  A+.sin  A)  (casB-Mii  B). 
15.   coa  A'cos  B  cos  C  -  cos  A  urn  B  sin  C  -  cos  B  sin  A  sin  C 

-  cos  C  sin  A  sin  B. 


VI  b.   p.  73. 
la    1.  14.    120  ft. 


Vic.    p.  76. 

1.    5,  Si,  2.    ±-73.3.3,    --6800,  ±1-078. 

a    -7660,  -6428.  5.  8.    ±t.  9.  ±| 

IL    -4695,  -8829.         12.   '3640.         13.    ±|,         It  2 

16.  (1)  .30°,  150°,  210°,  330°. 

(2)  0°,  30°,  150°,  180',  210°,  3.30°. 

17.  8cos«a-8cos»a  +  l.  18.  a. 

20.    i(oo3  2fi+co8  2i3),    --3288.  2L 

2S.    Projection  equals  r+r  cos  6. 
24.   Height  equals     r  -  r  cos 

A  3 


vi 


PKA<  TICAL  TlilGONOMETRY 


1. 

5. 


1. 

4. 

6. 

7. 

9. 
11. 
13. 
15. 


m"  52'. 


VI  d.   p.  79. 

2.    10;JM7'.        3.    114°  18'. 


4.    16°  16'. 


Vie.   p.  81. 

sin  4^?  + sill  25.  2.  cos  45  4- cos  2(9.  3.  ,^  (co.s  2d-co94d). 
sin 4(9 -sin  25.  5.    ^  (sin 3A-ain  A). 

h  {sin  (A  4-  B)  4-8in  (A  -  B);. 

I  ;cos2(A4-B)+cos2(A-B)}.  8.    i  (c<).s4tf-cos6^). 

1  -  sin  50  \  10.    cos  70"  +  cos  10°. 

cos  10°  -  cos  30°.  12.    h  {cos  80°  4-cos  20°} . 

sin2A4-sin2B.  14.  c()s:}(A4-B)+cos(A-B). 

sin  A.  1&.   ^  (cos  2a  -  cob  4a). 


VI  f.  p.  82. 

2.    2  cos  2A  sin  A, 

5, 


:W  .  5 

i  cos  —  sm  -  . 
2  2 


_  .  A+B  A 
2  sin  — —  cos 


1.  2sin2AcosA. 
4.    2  sin  2A  sin  A. 

6.    -  2  sin  —  sm  2 . 

8.  2  cos  («4-/:i)  cos  (<!-;:<) 
10.    2  sin  lo  30' cos  4°  .30'. 

12.  sin  41°  4- sin  78°  =  2  sin  r^Q'  30'  cos  18°  30'. 

13.  2  cos  30°  30' cos  12"  30'. 
a+b  sinA4-sinB 

c  Sin  C 

C  =  180-(A4-B),      .-.  BinC=sin(A+B) 


3.    2  cos  2  A  cos  A. 


2  2 

9.  2  sin  ((1 4- ^)  sin  (/i- a). 
11.  ■  2. sin .36"  30' sin  4° 30', 


and  in  a  triangle 


MISOELLAKEOXTS  EXAMPLES  D.  p.  84. 

1.    >n  =  »i'.             2.    I,           ^.  3.    3-90  ft.    .3-52  ft. 

4.    16-16  ft.          5.   Square  and  add.  6.    ff,    75°  45'. 

7.    ccos  A  ±  \/<'--^'-  ''*ii'- A,    10-i>.-jcm8.  9.   5-32  ft. 
10.    tan  5i  tan  5,.-  -  1.    See  Qii.  1. 

IL  x=  ,  ,        y=     ,  ,  15.   iVff,   8  34' 

cos(a4-^)  cos(a4-W 


ANSWERS 


11 


Vila.  p.  90. 

1.  1,  %  -1,  -2,  3;    0,   -4,   4,   -3,  -1. 

2.  -6015,  2-G04-),  1-6045,  3f»ir),  4-6()ir). 

3.  21-74,  02174,  2-174,  21740,  -0^)2174,  217  4,  -2174. 

4.  -6020,  -6990,  -7781,  -9030,  -9542,  1  0791,  1-17G1,  1-2040, 

l-2r)r)2,  1-3010. 
•845,  1-0395,  1-146,  1-2781.  1  113.  1-226. 


Vn  b.   p.  91. 

L  2-6749,  -0754,  1-4570,  5-6590,  1  9428,  3-5710. 
2.    2-969,  5569,  -7314,  16500,  -004839. 


VII  c.   p.  94. 

1.  1-069.           2.    10-89.            3.    7-750.          4.  173-2. 

5.  -2086.           6.    -0422.3.          7.    127-8.         8.  -05551. 

9,  12-95.          10.    13-.38.           11.    -8950.           12.  -3810. 

13.  -8555.         14.    4-108.         15.    -0(XKJG10l.        16.  -2601. 

17.  1-975.          18.    -005610.          19.    -316.3.           20.  14. 

21.  6.         22.    39-98.          23.    -95.            24.    [;i25.  15. 

25.  IR.            26.    22-99.             27.    2214  yq.  ft.,    9790  cu.  ft. 

2a  121-5.           29.    304-2,    -01901.            30.    •'J28,  -00782. 

3L  (1)  4,     (2)    -4.            32.    3-484.           33.    7757  X  1()'3 

34.  -938.       35.    2-442,   -  511.       36.   2254.       37.  09281. 

38.  305-5.        39.    33i;}0.        40.    3602.        41.  -O00U59a3. 

42.  8028x108.                4a    -0T848.                44.  -2384 

45.  -0000003243,         4&  9888x108. 


1. 
2. 

a 

4. 
7. 

10. 

la 

16. 
19. 

22. 
23. 


vn  d.   p.  97. 

1-9219,  1-7112,  -2G14,  T-8611,  -4453,  1-9224. 
(1)  17''25',    (2)65-2',    (3)  75°  24',    (4)  82°  22',  (5)21°. 


(1)  -6029,  (2)  --3822, 
37°  11',  1  12°  49'.  5. 
-  -2831.  8. 
81°  12'.  11. 
1-518.  14. 
12-03.  17. 
-01289.  20.    83°  53'. 

(i)  0-2295,  (ii)  -004:^58,  (iii) 
180-4.  24.  310-2. 


(3)  -4276. 
16^  28'. 
150400  sq.  ft. 
-2004. 

7-958x10-6. 
15-68  grams  wt. 


-5505. 


6. 

9. 
12. 
15. 

la 

21. 


211. 
22°  16'. 
•0393. 
•180.3. 
9^475  cms. 
5-780. 


vm 


PRACTICAL  TRIGONOMETRY 


MISCELLANEOUS  EXAMPLES  E.   p.  100. 

1.    27' 45'.  2.  ±-7018. 

3.  (i)  10  ''  =  v'lU  -  .'i  approx.,    (ii)  10~i  =  ^^=-5G  appn)!., 

(iii)  (•3ri)-'  =  -12  ajiprox. 

4.  U'-i',  45  ,  iur2',  22.r.  5.    3-16  sq.  cms. 

6.  'i>g  cosd  =  logsin  (!)()^  -  fi) ;  log  i.ui  tl  -  lug  sin  ^-  log  v<mB, 

7.  042-2.  8.    7S°  2S'.  10.    29-4  in.,  59-4  sq.  in. 

11.  (i)  27-01  sq.  It.,       (ii)  5-lOG  ft. 

12.  65-1  ft.  14.    :i  =  tanG"  =  -l. 

16.  A-VXi'm.;  XY  =  5 !fosn +cos(!)0° -  «);  =  1 '-'cos 45 '.008(45' - «), 
.•.  XY  least  when  a  =  0,  greatest  when  «=45°. 

la    -3%.  19.  20-7. 

VIII  a.   p.  108. 

1.  A  =  29"  5G',  B  =  42°  3',  C  =  108"  1'. 

2.  C  =  77°31',  a=51-4,  6=77-2. 

3.  A  =  (n  21',  r/  =  25-2,  <-=19'7. 

4.  A  =  :J.3'2G',  B  =  G5nO',  c=474. 

5.  A  =  lll°24',  8=22' 6',  a=36-55. 

6.  B=9!tl3',  C-44  23',  />  =  4G-6. 
or  6  =  7  59',  C=135°37',  i  =  6-5G. 

7.  B  =  4()'52',  C  =  .32^8',  (■=254. 
a  A  =  78°  48',  B =53°  10',  C    1  s  2'. 
9.  C  =  35"38',  «  =  5-80,  />  =  3-93. 

10.  A  =  26"22',  C=3r38',  6=83-18. 

n.  C=39°ll',  0=2663,  c=2001. 

12.  A  =  44M9',  B  =  GO°. 

13.  B  =  54°5G',  0=83°  4',  c=209. 
or  8=125°  4',  C  =  12°56',  c=47-2. 

14.  89' 5.5'  or  15°  21'.         15.    5G7  yds.         16.    3  9  ft. 

17.  120°.  la    A  =  GO°,    6=3-84  in.,    c= 4-76  in. 
19.  A =95°  12',    C  =  64°13'.  20.    N.  30°  E. 
2L  (i)  1-27  miles,       (ii)  5-51  miles. 

22.  10-1  ft.  23.    26-1  yds.  24.    117G  yds.,  2720  yds. 

25.  31-3  miles  N.,  9-2  miles  W.,  AB  =  32  G  miles  N.  16°  18'  \V. 

26.  12.46  p.m.  27.    3073  yds. 
2a  263  yds.               29.    13  sea  miles. 


ANSWERS 


ix 


30.    AP-=1639  111.,    BP-ir)!)l  111.;    ABP ol.f us<-,    AP  =  ie39in., 

BP"  1058  111.  31.    i2<j  t-2  yds.,   2;}5-8  yds. 

32.    8-76  miles.  33.    1085  y.k 

34.    14-88  miles  X.  1-U»'W.  35.    40  v/3=-69-3  yds. 

36.    67  miles,  6-57  miles. 

Vinb.   p.  114. 

2.    1-61.         3.   318.         4.    81ft         6.  30. 

Vin  c.    p.  118. 

1.  2-7sq.  in.         2.   4-403.         3.    24-7.         4.  IG'T. 

5.    79-8  ft.,    20,000  sq.ft.  6.    4        1:1  J  links. 

_  ^  ^  ,,         sill  B  .-ill  C 

7.    12  : 5,  5 : 18,  3 : 2.  IL    -  -        ,  . 

'  '  i!  sill  A 

MISCELLANEOUS  EXAMPLES  F.   p.  119. 

L  1779  yiK,  992-6  yds.  3.    7-2-2S  x  lO'o. 

4.  70'  .32'.  6.  7(J-S)  ohiiiiis  ;  S.  72  '  .38'  E. 

7.  3*1  miles.  8.  Project  on  the  horizonttvl  side. 

9.  84"  25'.  10.  4-243  cms. 

11.  05-28,  -00  yds.           12.  8-7  yrs. 

14.  A =53°  8',  8  =  106°  16',  0-20°  36',    c= 10-99. 

15.  2,4.3,42.  16.  i:'!17ya.s. 

17.  A  =  5(J°  5',    C  =  92"  1( )' ;     .  .i      =1 23''  55',    C  =  2  4°  20'. 

18.  14-12".  20.    203-6  e.  in.  21.    8-47  '. 

22.  2  cos  45° cos (45" -(9).   Max.  when  ^=45°.   Min.  when  (9=0°. 

23.  47..  24.   60°  12'.  25.    6-29",  39°  6'. 

IX  a.  p.  125. 

,     »r     5jr     1377  1797r 
6 '     0  '    36  '     432  * 

2.  45%  U0\  128"  34' 17}",  300°.  3.    1-26,  '8.3,  2-34. 
4.    71°  3*,  36°  6'.               5.   5  4  cms.  6.  -05. 

7.   ^.         a   Bfin.         9.    45°  eo*.         10.  136°,^. 

11.  3960  miles  approx.  12.  -0398  sees.  13.  3*4cmSi. 
14.    2°nciiily.  15.    38-6.  17.    2G(X)  miles, 

la    2-08  in.,'  1-88  iu.,  1-26  in.  19.    30  6  i  t. 


X 


PRACTICAL  TUlUUiNOMETltY 


IX  b.  p.  133. 

1,    314-1(5  sq.  ill.  2.  U-Cicms. 

3.  8-38  sq,  ft.,  1-45  sq.  ft.        4.    2165  miles. 

5.   860000  miles.  6.    1  >'7'.  7.   21-3  miles. 

8.   34  «  miles.  11.   -OOm  14.   67'3  in. 

15.    31-416  in.,  38-9  sq.  in. 

MISOELLANEOXTS  EXAMPLES  0.  p.  131 

1.   3560,  2517  uiilea  2.    54  ins.  3.   29  ft. 

5.  9-r     15-8(;  MIS.       6.    0,  3  cm.,  3  cm.,  1,  1, -0874  radians, 

-sill  5  ',   -0875  =  tfiii  5°.  7.    645  miles  jKir  hr. 

8.     ^4  ft.  9.   3-73  cms.  10.   11  miles. 

11.  AP'=2r8in  ^.   Describe  a  circle  whose  radius  is  the  dis- 

tance  from  A  to  graduation  60°.  An  angle  of  x"  is  subtended 
at  the  centre  of  tho  circle  by  a  chord  whose  length  is  the 
distiiuce  from  A  t      3  graduation  x. 

12.  26-7  yds.         13.    90°  29',  84-5  ft.         14  -1587. 

15.  30-5mile.s.  16.  -007272. 
17.    (i)  'Hy.yi,       (ii)  1162,       (iii)  IKJH. 
19.           t  haius.             20.    7")7">  yd.s. 

24.  siii((j()-<J)  =  ''^'^^~,  ^=36^24'. 

25.  R  =  l-23,   /t  =  3-8ft  26.    h  cos  6  -  a  6. 

27.    ar=acos^,   y—asivid.  28.    rcoL   '  —s^. 

29.   tan^  =  ^.  30.  69". 

X  a.  p.  146. 

1.   35^6'.  2.    60°.  3.    7-810  in.,  39°  48'. 

4.  27^19',  20°  8'.  5.  33=4'. 

6.  (I)  11-47  in.      (2)  2-97  in.      (.3)  8°  32*. 

7.  45%-^.         a    23°  56'.         9.   5-57ft,  29»30'. 

10.    7-27  in.,  37°  18'.         11.   54°  44',  2-89  in.  12. 

13.  5475  ft.,  12°  40'.  14.    31°,  64°  37',  73^24'. 

16.  159-16  sq.  ft.  17.    V38,  -^29,  V13 


ANSWKHS 


xi 


Xb.  p.  151. 

1.  UM  ft.                2.   800  ydH,  3.  17-J  ft.  or  ;W2  ft. 

4.  lUG  >  ds.               5.    280  ft.  6.  2-24  miles. 

7.  6510  ft.  8.  66°  approx,  9.  2690  yds.  nejirly. 
10.  liST  l  ft.  nearly,.    11.    r,lniI(^s^-(>••lll•.  12.  1-412:1. 

13.  2U!J2  ft.              14.    51°  nearly.  15.  2193  ft. 

16.  8-63  miles,  E.  17"  54' N.        17.    17169  cu.  yds. 

1&  14-9  sq.  in.         19.   37°  SO'.  2a  1014  sq.  ft. 

TBIANOULATION.  p.  156. 
DE=366ft.,    PE-412ft.,    FQ-274ft.,  EQ-308ft 

EXERCISL.   p.  156. 

PQ=112  1t.,    QR  =  148ft.,  RP=102ft. 

MISCELLANEOUS  EXAMPLES  H.  p.  157. 

1.  (1)  10-;  \      (2)  84!)-4. 

2.  (1)21-5   Imiiis  E.,      (2)  D-2  chaitm  N.,      (3)  2;}-4  chains, 
(4)  $f  60  45' E. 

3.  TT'Ky,  1.39°21',  84°16',  nn-lS',  .37-4.'')  sq.  ft.  4.  18-9  ft. 
6.    (1)8-116,     (2)2-515.  7.    6-83  miles  iicr  hr. 

8.  DA  =  50ft.,    AE=160ft.,    EB»194ft.,  BD=.120ft.; 
112' 23',  07°  37',  12^ '39',  51°  21',  144  10  sij.  ft. 

10.    13°  54'  with  a  line  gouig  E.  and  W.         11.    23G(J0  tons. 
12.   3600  cu.  in.        la    12,  IG,  20  ft.       14.    17°  48' nearly. 

17.  376  ft.  20.   28,000  miles.       2L   17  ft. 

25.   -4Bin«H.  28.  120'. 


